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1. Introduction {#s000005}
===============

Let $\Omega$ be a bounded domain in $\mathbb{R}^{N}, N = 1,2,3$, with a smooth boundary $\partial\Omega$. Let $\omega$ be an open subset of $\Omega$ with associated characteristic function $\chi_{\omega}$. Consider the following controlled linear Fitzhugh--Nagumo equation $$\begin{cases}
{u_{t} - \Delta u + v + \alpha\left( x \right)u = \chi_{\omega}g} & {\text{in}\left( 0,T \right) \times \Omega\text{,}} \\
{v_{t} + \gamma v - \sigma u = 0} & {\text{in}\left( 0,T \right) \times \Omega\text{,}} \\
{u\left( t,x \right) = 0} & {\text{on}\left( 0,T \right) \times \partial\Omega\text{,}} \\
{u\left( 0,x \right) = u_{0}\left( x \right)\text{,}\qquad v\left( 0,x \right) = 0} & {\text{in}\Omega\text{,}} \\
\end{cases}$$ where $u$ is the electrical potential across the axonal membrane, $v$ is a recovery variable, and $g$ is the medicine actuator (the control variable). For more details, see [@br000005] and the references therein. Further $u_{0}\left( x \right) \in C_{0}\left( \Omega \right) = \left\{ y \in C\left( \overline{\Omega} \right):y = 0\text{on}\partial\Omega \right\}$ is a given function, $\sigma > 0$ and $\gamma \geq 0$ are constants, $\alpha \in C\left( \overline{\Omega} \right)$ and $g$ is taken from the set of control functions: $$\mathcal{U} \equiv \left\{ g:\left( 0, + \infty \right) \times \Omega\rightarrow\mathbb{R}\text{measurable}:\left| g\left( t,x \right) \right| \leq M\text{for~almost}\left( t,x \right) \in \left( 0, + \infty \right) \times \Omega \right\}\text{,}$$ where $M$ is a positive constant.

Solving the second equation of [(1.1)](#fd000005){ref-type="disp-formula"} in terms of $u$ we get $$v = \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}u\left( s \right)\, ds\text{,}$$ and hence [(1.1)](#fd000005){ref-type="disp-formula"} can be equivalently expressed as the following integro-differential equation: $$\begin{cases}
{u_{t} - \Delta u + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}u\left( s \right)\, ds + \alpha\left( x \right)u = \chi_{\omega}g} & {\text{in}\left( 0,T \right) \times \Omega\text{,}} \\
{u\left( t,x \right) = 0} & {\text{on}\left( 0,T \right) \times \partial\Omega\text{,}} \\
{u\left( 0,x \right) = u_{0}\left( x \right)} & {\text{in}\Omega\text{.}} \\
\end{cases}$$

For each $g \in \mathcal{U}$ and $T > 0$, Eq. [(1.2)](#fd000020){ref-type="disp-formula"} has a unique solution, denoted by $u \equiv u\left( t,x;u_{0},g \right)$, in $C\left( \left\lbrack 0,T \right\rbrack;C_{0}\left( \Omega \right) \right)$; see [Lemma 2.3](#e000030){ref-type="statement"}. In what follows, we shall omit the variables $t$ and $x$ for functions in $\left( t,x \right)$ and we omit the variable $x$ for functions in $x$, if there is no risk of causing confusion.

The following time optimal control problem is the focus of this paper: $$\inf\left\{ T:\left| u\left( T,x;u_{0},g \right) \right| \leq 1, x \in \Omega, g \in \mathcal{U} \right\}\text{.}$$ Without loss of generality we assume that $u_{0}\left( \cdot \right)$ does not satisfy $\left| u_{0}\left( x \right) \right| \leq 1,\forall x \in \Omega$. We call $$T^{\ast} \equiv \inf\left\{ T:\left| u\left( T,x;u_{0},g \right) \right| \leq 1, x \in \Omega, g \in \mathcal{U} \right\}$$ the optimal (minimal) time for [(P)](#fd000025){ref-type="disp-formula"} and $g^{\ast} \in \mathcal{U}$ the associated time-optimal control with corresponding state $u\left( t,x;u_{0},g^{\ast} \right)$, satisfying $\left| u\left( T^{\ast},x;u_{0},g^{\ast} \right) \right| \leq 1,\forall x \in \Omega$. We call a control $g \in \mathcal{U}$ an admissible control for [(P)](#fd000025){ref-type="disp-formula"} if there exists a $T > 0$ such that $\left| u\left( T,x;u_{0},g \right) \right| \leq 1,\forall x \in \Omega$.

Throughout this paper, for $T > 0$ fixed, we write $Q_{T}$ and $\Sigma_{T}$ for the product sets $\left( 0,T \right) \times \Omega$ and $\left( 0,T \right) \times \partial\Omega$ respectively. The Lebesgue measure of a set $D$ in $\mathbb{R}^{d}\left( d \geq 1 \right)$ is denoted by $\left| D \right|_{\mathbb{R}^{d}}$. For every integer $k \geq 0$, every $p,r \geq 1,W^{k,p}\left( \Omega \right)$, $W_{0}^{1,p}\left( \Omega \right),L^{r}\left( 0,T;W_{0}^{1,p}\left( \Omega \right) \right),C\left( {\overline{Q}}_{T} \right)$ and $C_{0}\left( \Omega \right)$ stand for the usual Sobolev's spaces, endowed with the usual norms.

The main result of this paper is the following result which gives in maximum principle in [(1.4)](#fd000040){ref-type="disp-formula"}. Theorem 1.1*Assume that* $T^{\ast}$ *is the minimal time and let* $g^{\ast}$ *be an optimal control for problem* [(P)](#fd000025){ref-type="disp-formula"}*. Then there exist* $\psi \in L^{\frac{6}{5}}\left( 0,T^{\ast};W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right)$ *and* $\zeta_{0} \in \left( C_{0}\left( \Omega \right) \right)^{\ast}$ *with* $\zeta_{0} \neq 0$ *satisfying*$$\begin{cases}
{\psi_{t} + \Delta\psi - \sigma\int_{t}^{T^{\ast}}e^{- \gamma{(s - t)}}\psi\left( s \right)\, ds - \alpha\left( x \right)\psi = 0} & {\text{in} Q_{T^{\ast}}\text{,}} \\
{\psi\left( t,x \right) = 0} & {\text{on}\Sigma_{T^{\ast}}\text{,}} \\
{\psi\left( T^{\ast}, \cdot \right) = - \zeta_{0}} & {\text{in}\Omega} \\
\end{cases}$$*and*$$\chi_{\omega}\left( x \right)\psi\left( t,x \right) \cdot g^{\ast}\left( t,x \right) = M\left| \chi_{\omega}\left( x \right)\psi\left( t,x \right) \right|\quad\text{a.e.~in} Q_{T^{\ast}}\text{,}$$*where* $\left( C_{0}\left( \Omega \right) \right)^{\ast}$ *is the dual space of* $C_{0}\left( \Omega \right)$*.*

Let us refer the selected results on Pontryagin's maximum principle for time optimal control problems, governed by linear and semilinear parabolic differential equations. In [@br000010; @br000015], the controls are constrained by distributed constraints in space. But certainly, pointwise constraints in space and time are practically relevant. In [@br000020; @br000025], Pontryagin's maximum principle was considered for time optimal control problems governed by semilinear parabolic equations with pointwise constraints in space and time. However, to the best of our knowledge, Pontryagin's maximum principle for time optimal control problems, governed by integro-differential equations with pointwise control constraint, has not been studied so far.

Based on [Theorem 1.1](#e000005){ref-type="statement"}, we obtain the bang--bang property of the optimal controls for problem [(P)](#fd000025){ref-type="disp-formula"} as follows. Corollary 1.2*Let* $T^{\ast}$ *be the minimal time with an associated optimal control* $g^{\ast}$ *for problem* [(P)](#fd000025){ref-type="disp-formula"}*. If* $\zeta_{0}$ *in* [Theorem 1.1](#e000005){ref-type="statement"} *satisfies*$$\zeta_{0} \in \begin{cases}
{L^{1}\left( \Omega \right)\text{,}} & {\text{for} N = 1\text{,}} \\
{L^{2}\left( \Omega \right)\text{,}} & {\text{for} N = 2,3} \\
\end{cases}$$*and*$$\zeta_{0}\left( x \right) \neq 0\quad\text{a.e.~in~}\Omega\text{,}$$*then*$$\left| g^{\ast}\left( t,x \right) \right| = M\quad\text{for~almost~all}\left( t,x \right) \in \left( 0,T^{\ast} \right) \times \omega\text{.}$$

The bang--bang property of the optimal controls is one of the main interests for time optimal control problems. For linear evolution equations this property with spatial integral constraints on the controls, pointwise in time, was first established in [@br000030]. Since then many results on the bang--bang property of optimal controls for time optimal control problems, governed by linear and semilinear parabolic differential equations, were obtained (see e.g. [@br000010; @br000015; @br000035]). In these papers, the controls are constrained by distributed spatial constraints. In [@br000040], the "bang--bang" property of time optimal controls was proved for the boundary control problem for the heat equation, with pointwise control constraint and arbitrary reachable target set. Here assumptions on the bounds to which the controls were subjected were utilized. In [@br000045], the bang--bang property of optimal controls was established for time optimal control problems governed by linear parabolic equations, with pointwise control constraints. The target set was a point in the state space and the control acted globally onto the equation. To the best of our knowledge, the bang--bang property for time optimal controls, acting locally onto parabolic and integro-differential equations with pointwise control constraints, has not been studied so far. From [@br000050], it is clear that there is an essential difference between the cases in which the control acts locally as opposed to globally onto the equations.

We point out that the bang--bang property of the optimal controls for the heat equation can be derived by the similar arguments as used in this paper. For this case, we do not need additional assumptions on $\zeta_{0}$ as [Corollary 1.2](#e000010){ref-type="statement"}. We believe that this result is also new for the heat equation.

The rest of this paper is organized as follows. In Section [2](#s000010){ref-type="sec"}, we provide existence results and a-priori estimates in the form that is required to obtain Pontryagin's maximum principle for problem [(P)](#fd000025){ref-type="disp-formula"}. In Section [3](#s000015){ref-type="sec"}, we give the proofs of [Theorem 1.1](#e000005){ref-type="statement"} and [Corollary 1.2](#e000010){ref-type="statement"}.

2. Preliminaries {#s000010}
================

In this section, we present technical lemmas that will be essential for the proof of the maximum principle. First we introduce some notation. For $p \geq 1$, the set $\left\{ y \in L^{p}\left( Q_{T} \right):y_{t},y_{x_{i}},y_{x_{i}x_{j}} \in L^{p}\left( Q_{T} \right), 1 \leq i,j \leq N \right\}$ endowed with the norm $$\left\| y \right\|_{W_{p}^{2,1}{(Q_{T})}} = \left\| y \right\|_{L^{p}{(Q_{T})}} + \left\| y_{t} \right\|_{L^{p}{(Q_{T})}} + \sum\limits_{i = 1}^{N}\left\| y_{x_{i}} \right\|_{L^{p}{(Q_{T})}} + \sum\limits_{i,j = 1}^{N}\left\| y_{x_{i}x_{j}} \right\|_{L^{p}{(Q_{T})}}$$ is denoted by $W_{p}^{2,1}\left( Q_{T} \right)$. For Banach spaces $X$ and $Y$, we write $X^{\ast},\left\langle \cdot , \cdot \right\rangle_{X^{\ast},X}$ and $X \times Y$ for the dual space of $X$, the duality pairing between $X^{\ast}$ and $X$, and the product space endowed with the norm $\left\| \left( \cdot , \cdot \right) \right\|_{X \times Y} = \left\| \cdot \right\|_{X} + \left\| \cdot \right\|_{Y}$, respectively.

The following lemma is taken from [@br000055] (see Proposition 3.4 and Lemma 3.6 of Chapter 4 in [@br000055]). Lemma 2.1*Let* $X$ *be a Banach space and let* $S_{1}$ *be finite codimensional in* $X$*.*(i)*Let* $S_{2} \subset X$ *. Then, for any* $a \in \mathbb{R} \smallsetminus \left\{ 0 \right\}$ *and* $b \in \mathbb{R}$*, the set*$$aS_{1} - bS_{2} \equiv \left\{ as_{1} - bs_{2} \middle| s_{1} \in S_{1},s_{2} \in S_{2} \right\}$$*is finite codimensional in* $X$*.*(ii)*Let* $\left\{ f_{n} \right\}_{n \geq 1} \subset X^{\ast}$ *with*$$\left. \left\| f_{n} \right\|_{X^{\ast}} \geq \delta > 0\text{,}\quad f_{n}\rightarrow f\text{weakly~star~in} X^{\ast}\text{,} \right.$$*and*$$\left\langle f_{n},s \right\rangle_{X^{\ast},X} \geq - \varepsilon_{n}\text{,}\quad\forall s \in S_{1}, n \geq 1\text{,}$$*where* $\delta$ *is a constant and* $\left. \varepsilon_{n}\rightarrow 0 \right.$ *. Then* $f \neq 0$*.*

Now we establish well-posedness of [(1.2)](#fd000020){ref-type="disp-formula"} in space of continuous functions. For this purpose, we introduce the operators $$\left. A:D\left( A \right) \subset C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)\rightarrow C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)\quad\text{and}\quad B:C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)\rightarrow C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right) \right.$$ as follows: $$A\left( y,z \right) = \left( \Delta y,0 \right)\text{,}\quad\forall\left( y,z \right) \in D\left( A \right) = D\left( \Delta \right) \times C_{0}\left( \Omega \right)\text{,}$$ where $D\left( \Delta \right) = \left\{ y \in C_{0}\left( \Omega \right):\Delta y \in C_{0}\left( \Omega \right) \right\}$, $$B\left( y,z \right) = \left( - \alpha y - z,\sigma y - \gamma z \right)\text{,}\quad\forall\left( y,z \right) \in C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)\text{.}$$ Then we have the following lemma. Lemma 2.2$A + B$ *is the infinitesimal generator of an analytic semigroup, denoted by* $T\left( t \right)$*, on* $C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)$*.*

ProofSince $\Delta$ is the infinitesimal generator of an analytic semigroup, denoted by $\widehat{T}\left( t \right)$, on $C_{0}\left( \Omega \right)$ (see e.g. Theorem 3.7 of Chapter 7 in [@br000060]), we get $$\widehat{T}\left( t \right)\quad\text{is~differentiable~for} t > 0\text{,}$$ and hence there exists a positive constant $C$ such that (see e.g. Theorem 6.13 of Chapter 2 in [@br000060]) $$\left\| \Delta\widehat{T}\left( t \right)y \right\|_{C_{0}{(\Omega)}} \leq Ct^{- 1}\left\| y \right\|_{C_{0}{(\Omega)}}\text{,}\quad\forall t > 0, y \in C_{0}\left( \Omega \right)\text{.}$$ For each $t \geq 0$, we define the operator $\widetilde{T}\left( t \right)$ from $C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)$ to $C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)$ by: $$\widetilde{T}\left( t \right)\left( y,z \right) = \left( \widehat{T}\left( t \right)y,z \right)\text{,}\quad\forall y,z \in C_{0}\left( \Omega \right)\text{.}$$ It is obvious that $\widetilde{T}\left( t \right)$ is a $C_{0}$ semigroup with infinitesimal generator $A$, and it is differentiable for $t > 0$. Moreover, by [(2.1)](#fd000100){ref-type="disp-formula"}, we have $$\left\| A\widetilde{T}\left( t \right)\left( y,z \right) \right\|_{C_{0}{(\Omega)} \times C_{0}{(\Omega)}} \leq Ct^{- 1}\left\| \left( y,z \right) \right\|_{C_{0}{(\Omega)} \times C_{0}{(\Omega)}}\text{,}\quad\forall t > 0,\left( y,z \right) \in C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)\text{,}$$ which, combined with Theorem 5.2 of Chapter 2 in [@br000060], shows that $\widetilde{T}\left( t \right)$ is an analytic semigroup on $C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)$. The result now follows since $B$ is a bounded linear operator from $C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)$ to itself. □

The following lemma addresses the existence of a solution and its regularity. Lemma 2.3*Let* $y_{0} \in C_{0}\left( \Omega \right)$ *and* $g \in L^{6}\left( Q_{T} \right)$ *be fixed. Then the equation*$$\begin{cases}
{y_{t} - \Delta y + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}y\left( s \right)\, ds + \alpha\left( x \right)y = g} & {\text{in} Q_{T}\text{,}} \\
{y\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{y\left( 0,x \right) = y_{0}\left( x \right)} & {\text{in}\Omega} \\
\end{cases}$$*has a unique solution* $y \in C\left( \left\lbrack 0,T \right\rbrack;C_{0}\left( \Omega \right) \right)$*.*

ProofThe existence and uniqueness of a solution in $L^{2}\left( 0,T;H_{0}^{1}\left( \Omega \right) \right) \cap C\left( \left\lbrack 0,T \right\rbrack,L^{2}\left( \Omega \right) \right)$ can be argued by standard techniques [@br000065]. It suffices to show that the solution $y \in C\left( \left\lbrack 0,T \right\rbrack;C_{0}\left( \Omega \right) \right)$. For this purpose, let $y_{1} \in L^{2}\left( 0,T;H_{0}^{1}\left( \Omega \right) \right)$ and $y_{2} \in C\left( \left\lbrack 0,T \right\rbrack;H_{0}^{1}\left( \Omega \right) \right)$ be the solutions to the following equations: $$\begin{cases}
{\left( y_{1} \right)_{t} = \Delta y_{1} - \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}y_{1}\left( s \right)\, ds - \alpha\left( x \right)y_{1}} & {\text{in} Q_{T}\text{,}} \\
{y_{1}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{y_{1}\left( 0,x \right) = y_{0}\left( x \right)} & {\text{in}\Omega} \\
\end{cases}$$ and $$\begin{cases}
{\left( y_{2} \right)_{t} = \Delta y_{2} - \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}y_{2}\left( s \right)\, ds - \alpha\left( x \right)y_{2} + g} & {\text{in} Q_{T}\text{,}} \\
{y_{2}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{y_{2}\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ It is obvious that $$y = y_{1} + y_{2}\quad\text{in} Q_{T}\text{.}$$ Eq. [(2.2)](#fd000120){ref-type="disp-formula"} can be expressed as $$\begin{cases}
{\left( y_{1} \right)_{t} = \Delta y_{1} - z_{1} - \alpha\left( x \right)y_{1}} & {\text{in} Q_{T}\text{,}} \\
{\left( z_{1} \right)_{t} = - \gamma z_{1} + \sigma y_{1}} & {\text{in} Q_{T}\text{,}} \\
{y_{1}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{y_{1}\left( 0,x \right) = y_{0}\left( x \right)\text{,}\qquad z_{1}\left( 0,x \right) = 0} & {\text{in}\Omega\text{,}} \\
\end{cases}$$ and hence from [Lemma 2.2](#e000020){ref-type="statement"}, it follows that $$\left( y_{1},z_{1} \right) = T\left( \cdot \right)\left( y_{0}\left( \cdot \right),0 \right) \in C\left( \left\lbrack 0,T \right\rbrack;C_{0}\left( \Omega \right) \right) \times C\left( \left\lbrack 0,T \right\rbrack;C_{0}\left( \Omega \right) \right)\text{.}$$ Moreover, since $y_{2} \in C\left( \left\lbrack 0,T \right\rbrack;H_{0}^{1}\left( \Omega \right) \right)$, it can be checked that $$- \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}y_{2}\left( s \right)\, ds - \alpha y_{2} + g \in L^{6}\left( Q_{T} \right)\text{,}$$ which, combined with [(2.3)](#fd000125){ref-type="disp-formula"} and $L^{p}$-theory for parabolic equation (see e.g. Theorem 1.14 of Chapter 1 in [@br000070]), establishes that $y_{2} \in W_{6}^{2,1}\left( Q_{T} \right)$. Since $W_{6}^{2,1}\left( Q_{T} \right)$ embeds continuously into $C\left( {\overline{Q}}_{T} \right)$ (see e.g. Theorem 1.4.1 in [@br000075]) and $y_{2} \in C\left( \left\lbrack 0,T \right\rbrack;H_{0}^{1}\left( \Omega \right) \right)$, we infer that $$y_{2} \in C\left( \left\lbrack 0,T \right\rbrack;C_{0}\left( \Omega \right) \right)\text{.}$$ This together with [(2.4) and (2.5)](#fd000130 fd000140){ref-type="disp-formula"} completes the proof. □

Next we set $\mathcal{U}\left( Q_{T} \right) = \left\{ g|_{Q_{T}}:g \in \mathcal{U} \right\}$ and define the distance function $\overline{d}$ on $\mathcal{U}\left( Q_{T} \right)$ by $$\overline{d}\left( g,\widetilde{g} \right) = \left| \left\{ \left( t,x \right) \in Q_{T}:g\left( t,x \right) \neq \widetilde{g}\left( t,x \right) \right\} \right|_{\mathbb{R}^{N + 1}}\text{,}\quad\text{for} g,\widetilde{g} \in \mathcal{U}\left( Q_{T} \right)\text{.}$$ By standard argument similar to that of Proposition 3.10, Chapter 4, in [@br000055], we have that $\left( \mathcal{U}\left( Q_{T} \right),\overline{d} \right)$ is a complete metric space. The following lemma gives an approximation result for solutions $u$ to [(1.2)](#fd000020){ref-type="disp-formula"} with respect to spike perturbations of the control $g$. Lemma 2.4*Let* $\rho \in \left( 0,1 \right)$ *be a fixed constant. For every* $g_{1},g_{2}$ *in* $\mathcal{U}\left( Q_{T} \right)$*, there exists a measurable subset* $E_{\rho} \subset Q_{T}$ *such that* $\left| E_{\rho} \right|_{\mathbb{R}^{N + 1}} = \rho\left| Q_{T} \right|_{\mathbb{R}^{N + 1}}$ *. Moreover, if we set*$$g_{\rho}\left( t,x \right) = \begin{cases}
{g_{1}\left( t,x \right)\text{,}} & {\left( t,x \right) \in Q_{T} \smallsetminus E_{\rho}\text{,}} \\
{g_{2}\left( t,x \right)\text{,}} & {\left( t,x \right) \in E_{\rho}\text{,}} \\
\end{cases}$$*then*$$\left. \left\| \rho^{- 1}\left( u_{\rho} - u_{1} \right) - z \right\|_{C{({\overline{Q}}_{T})}}\rightarrow 0\quad\text{as}\rho\rightarrow 0\text{,} \right.$$*where* $u_{\rho}$ *and* $u_{1}$ *are the solutions to* [(1.2)](#fd000020){ref-type="disp-formula"} *corresponding to* $g_{\rho}$ *and* $g_{1}$ *respectively, and* $z$ *is the solution to*$$\begin{cases}
{z_{t} - \Delta z + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}z\left( s \right)\, ds + \alpha\left( x \right)z = \chi_{\omega}\left( g_{2} - g_{1} \right)} & {\text{in} Q_{T}\text{,}} \\
{z\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{z\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$

ProofBy arguments similar to those for Lemma 4.2 in [@br000080], there exists a sequence of measurable subsets $\left\{ E_{\rho}^{n} \right\}_{n = 1}^{\infty}$ in $Q_{T}$, such that $$\left. \left| E_{\rho}^{n} \right|_{\mathbb{R}^{N + 1}} = \rho\left| Q_{T} \right|_{\mathbb{R}^{N + 1}}\quad\text{and}\quad\rho^{- 1}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\rightarrow 1\quad\text{weakly~star~in} L^{\infty}\left( Q_{T} \right)\text{as} n\rightarrow\infty\text{,} \right.$$ where $\chi\left\lbrack E_{\rho}^{n} \right\rbrack$ is the characteristic function of the set $E_{\rho}^{n}$. For the sake of completeness the proof is given in [Lemma A.1](#e000090){ref-type="statement"} of the [Appendix](#s000020){ref-type="sec"}. We may conclude that $$\left. \rho^{- 1}\chi_{\omega}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\left( g_{2} - g_{1} \right)\rightarrow\chi_{\omega}\left( g_{2} - g_{1} \right)\quad\text{weakly~star~in} L^{\infty}\left( Q_{T} \right)\text{.} \right.$$ We set $z_{\rho}^{n} = \rho^{- 1}\left( u_{\rho}^{n} - u_{1} \right)$, $$g_{\rho}^{n}\left( t,x \right) = \begin{cases}
{g_{1}\left( t,x \right)\text{,}} & {\left( t,x \right) \in Q_{T} \smallsetminus E_{\rho}^{n}\text{,}} \\
{g_{2}\left( t,x \right)\text{,}} & {\left( t,x \right) \in E_{\rho}^{n}\text{,}} \\
\end{cases}$$ and define by $u_{\rho}^{n}\left( t,x \right)$ the solution of [(1.2)](#fd000020){ref-type="disp-formula"} corresponding to $g_{\rho}^{n}$. It is easy to check that $$\begin{cases}
{\left( z_{\rho}^{n} \right)_{t} - \Delta z_{\rho}^{n} = - \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}z_{\rho}^{n}\left( s \right)\, ds - \alpha\left( x \right)z_{\rho}^{n} + \rho^{- 1}\chi_{\omega}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\left( g_{2} - g_{1} \right)} & {\text{in} Q_{T}\text{,}} \\
{z_{\rho}^{n}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{z_{\rho}^{n}\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ From [(2.8)](#fd000190){ref-type="disp-formula"} it follows that $$\left\| z_{\rho}^{n} \right\|_{C{({\lbrack 0,T\rbrack};H_{0}^{1}{(\Omega)})}} \leq C\rho^{- 1}\left\| \chi_{\omega}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\left( g_{2} - g_{1} \right) \right\|_{L^{2}{(Q_{T})}}\text{.}$$ Here and throughout this proof $C$ denotes several positive constants independent of $n$. By [(2.9)](#fd000195){ref-type="disp-formula"}, we obtain $$\left\| \rho^{- 1}\chi_{\omega}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\left( g_{2} - g_{1} \right) - \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}z_{\rho}^{n}\left( s \right)\, ds - \alpha z_{\rho}^{n} \right\|_{L^{6}{(Q_{T})}} \leq C\left\| \rho^{- 1}\chi_{\omega}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\left( g_{2} - g_{1} \right) \right\|_{L^{6}{(Q_{T})}}\text{,}$$ which, combined with [(2.8)](#fd000190){ref-type="disp-formula"} and $L^{p}$-theory for parabolic equations (see e.g. Theorem 1.14 of Chapter 1 in [@br000070]) and [(2.7)](#fd000180){ref-type="disp-formula"}, shows that $$\left\| z_{\rho}^{n} \right\|_{W_{6}^{2,1}{(Q_{T})}} \leq C\left\| \rho^{- 1}\chi_{\omega}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\left( g_{2} - g_{1} \right) - \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}z_{\rho}^{n}\left( s \right)\, ds - \alpha z_{\rho}^{n} \right\|_{L^{6}{(Q_{T})}} \leq C\left\| \rho^{- 1}\chi_{\omega}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\left( g_{2} - g_{1} \right) \right\|_{L^{6}{(Q_{T})}} \leq C\text{.}$$ This, together with the fact that $W_{6}^{2,1}\left( Q_{T} \right)$ embeds compactly in $C\left( {\overline{Q}}_{T} \right)$ (see e.g. Theorem 1.4.1 in [@br000075]), implies that there exist a subsequence denoted by $\left\{ n_{k}\left( \rho \right) \right\}_{k \geq 1}$, and a function $z \in W_{6}^{2,1}\left( Q_{T} \right)$, such that as $\left. k\rightarrow\infty \right.$, $$\left. z_{\rho}^{n_{k}{(\rho)}}\rightarrow z\quad\text{weakly~in} W_{6}^{2,1}\left( Q_{T} \right)\text{and}\text{strongly~in} C\left( {\overline{Q}}_{T} \right)\text{.} \right.$$ Passing to the limit $\left. k\rightarrow\infty \right.$ in [(2.8)](#fd000190){ref-type="disp-formula"} and by [(2.7)](#fd000180){ref-type="disp-formula"} with $n = n_{k}\left( \rho \right)$, we see that $z$ is the solution to Eq. [(2.6)](#fd000170){ref-type="disp-formula"}. Moreover, by [(2.11)](#fd000210){ref-type="disp-formula"} we obtain that there exists a positive integer $n_{k_{0}}\left( \rho \right)$ satisfying $$\left\| \rho^{- 1}\left( u_{\rho}^{n_{k_{0}}{(\rho)}} - u_{1} \right) - z \right\|_{C{({\overline{Q}}_{T})}} = \left\| z_{\rho}^{n_{k_{0}}{(\rho)}} - z \right\|_{C{({\overline{Q}}_{T})}} \leq \rho\text{.}$$Finally, we set $E_{\rho} = E_{\rho}^{n_{k_{0}}{(\rho)}}$ and $u_{\rho} = u_{\rho}^{n_{k_{0}}{(\rho)}}$. This completes the proof. □

The following lemma is concerned with an energy estimate, which will be used later. Lemma 2.5*Let* $f \in L^{6}\left( Q_{T} \right)$ *and* $\overset{\rightarrow}{\xi} = \left( \xi_{1},\ldots,\xi_{N} \right)$ *with* $\xi_{i} \in L^{6}\left( Q_{T} \right),1 \leq i \leq N$ *. Then the solution to*$$\begin{cases}
{y_{t} - \Delta y + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}y\left( s \right)\, ds + \alpha\left( x \right)y = f - {div}\,\overset{\rightarrow}{\xi}} & {\text{in} Q_{T}\text{,}} \\
{y\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{y\left( 0,x \right) = 0} & {\text{in}\Omega} \\
\end{cases}$$*satisfies*$$\left\| y \right\|_{C{({\overline{Q}}_{T})}} \leq C\left( \left\| f \right\|_{L^{6}{(Q_{T})}} + \sum\limits_{i = 1}^{N}\left\| \xi_{i} \right\|_{L^{6}{(Q_{T})}} \right)\text{,}$$*for a constant* $C$ *independent of* $f$ *and* $\overset{\rightarrow}{\xi}$*.*

ProofBy a density argument, it suffices to show that [(2.13)](#fd000225){ref-type="disp-formula"} holds for the case $\xi_{i} \in C_{0}^{\infty}\left( Q_{T} \right),1 \leq i \leq N$. Let $\widehat{y}$ and $\widetilde{y}$ denote the solution to [(2.12)](#fd000220){ref-type="disp-formula"} with $\overset{\rightarrow}{\xi} = \overset{\rightarrow}{0}$, respectively with $f = 0$. Then we have $y = \widehat{y} + \widetilde{y}$.*Step* 1: $\overset{\rightarrow}{\xi} = \overset{\rightarrow}{0}$. In this case, by the same arguments that were used to obtain [(2.10)](#fd000205){ref-type="disp-formula"} and continuous embedding of $W_{6}^{2,1}\left( Q_{T} \right)$ into $C\left( {\overline{Q}}_{T} \right)$ we have that $$\left\| \widehat{y} \right\|_{C{({\overline{Q}}_{T})}} \leq C\left\| \widehat{y} \right\|_{W_{6}^{2,1}{(Q_{T})}} \leq C\left\| f \right\|_{L^{6}{(Q_{T})}}\text{.}$$ Here and throughout the proof $C$ denotes a generic constant independent of $f$ and $\overset{\rightarrow}{\xi}$.*Step* 2: $f = 0$. We consider $$\begin{cases}
{{\overline{y}}_{t} - \Delta\overline{y} = - {div}\,\overset{\rightarrow}{\xi} - \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}\overline{y}\left( s \right)\, ds} & {\text{in} Q_{T}\text{,}} \\
{\overline{y}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{\overline{y}\left( 0,x \right) = 0\text{.}} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ Multiplying both sides of the first equation by $\overline{y}$, we obtain after integration on $\left( 0,t \right)$$$\left\| \overline{y}\left( t, \cdot \right) \right\|_{L^{2}{(\Omega)}}^{2} + \int_{0}^{t}\left\| \nabla\overline{y} \right\|_{L^{2}{(\Omega)}}^{2}\, ds \leq C\int_{0}^{t}\left\| \overset{\rightarrow}{\xi} \right\|_{L^{2}{(\Omega)}}^{2}\, ds + C\int_{0}^{t}\left\| \overline{y} \right\|_{L^{2}{(\Omega)}}^{2}\, ds\text{,}\quad\forall t \in \left\lbrack 0,T \right\rbrack\text{,}$$ which, combined with Gronwall's inequality implies that $$\left\| \overline{y} \right\|_{C{({\lbrack 0,T\rbrack};L^{2}{(\Omega)})}}^{2} + \int_{0}^{T}\left\| \nabla\overline{y} \right\|_{L^{2}{(\Omega)}}^{2}\, dt \leq C\int_{0}^{T}\left\| \overset{\rightarrow}{\xi} \right\|_{L^{2}{(\Omega)}}^{2}\, dt\text{.}$$ Next, for any $t \in \left\lbrack 0,T \right\rbrack$, we consider the equation $$\begin{cases}
{- \Delta u\left( t \right) = - \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}\overline{y}\left( s \right)\, ds} & {\text{in}\Omega\text{,}} \\
{u\left( t \right) = 0} & {\text{on}\partial\Omega\text{.}} \\
\end{cases}$$ From [(2.17) and (2.16)](#fd000250 fd000245){ref-type="disp-formula"} it follows that $$\left\| u\left( t, \cdot \right) \right\|_{H^{2}{(\Omega)} \cap H_{0}^{1}{(\Omega)}}^{2} \leq C\left\| \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}\overline{y}\left( s \right)\, ds \right\|_{L^{2}{(\Omega)}}^{2} \leq C\int_{0}^{t}\left\| \overline{y} \right\|_{L^{2}{(\Omega)}}^{2}\, ds \leq C\int_{0}^{T}\left\| \overset{\rightarrow}{\xi} \right\|_{L^{2}{(\Omega)}}^{2}\, dt\text{,}\quad\forall t \in \left\lbrack 0,T \right\rbrack\text{.}$$ By [(2.17)](#fd000250){ref-type="disp-formula"} we can rewrite [(2.15)](#fd000235){ref-type="disp-formula"} as: $$\begin{cases}
{{\overline{y}}_{t} - \Delta\overline{y} = - {div}\left( \overset{\rightarrow}{\xi} + \nabla u \right)} & {\text{in} Q_{T}\text{,}} \\
{\overline{y}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{\overline{y}\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ For any $\varphi \in C_{0}^{\infty}\left( \Omega \right)$ we denote by $z \in C\left( {\overline{Q}}_{T} \right)$ the solution to $$\begin{cases}
{z_{t} - \Delta z = 0} & {\text{in} Q_{T}\text{,}} \\
{z\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{z\left( 0,x \right) = \varphi} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ From these two equations we obtain $$\int_{\Omega}\varphi\left( x \right)\overline{y}\left( t,x \right)\, dx = \int_{0}^{t}\frac{\partial}{\partial\tau}\left( \int_{\Omega}z\left( t - \tau,x \right)\overline{y}\left( \tau,x \right)\, dx \right)d\tau = \int_{0}^{t}\int_{\Omega}\left\lbrack - \frac{\partial z}{\partial t}\left( t - \tau,x \right)\overline{y}\left( \tau,x \right) + z\left( t - \tau,x \right)\frac{\partial\overline{y}}{\partial\tau}\left( \tau,x \right) \right\rbrack\, dx\, d\tau = - \int_{0}^{t}\int_{\Omega}z\left( t - \tau,x \right) \cdot {div}\left( \overset{\rightarrow}{\xi} + \nabla u \right)\left( \tau,x \right)\, dx\, d\tau = \int_{0}^{t}\int_{\Omega}\nabla z\left( t - \tau,x \right) \cdot \left( \overset{\rightarrow}{\xi} + \nabla u \right)\left( \tau,x \right)\, dx\, d\tau\text{,}\quad\forall t \in \left\lbrack 0,T \right\rbrack\text{.}$$ Next we shall prove that $$\left\| \overline{y} \right\|_{C{({\overline{Q}}_{T})}} \leq C\left\| \overset{\rightarrow}{\xi} \right\|_{L^{6}{(Q_{T})}}\text{.}$$ For this purpose we define two operators $\left. A_{1}:D\left( A_{1} \right) \subset L^{1}\left( \Omega \right)\rightarrow L^{1}\left( \Omega \right) \right.$ and $\left. A_{\frac{6}{5}}:D\left( A_{\frac{6}{5}} \right) \subset L^{\frac{6}{5}}\left( \Omega \right)\rightarrow L^{\frac{6}{5}}\left( \Omega \right) \right.$ as follows: $$A_{1}y = \Delta y\quad\text{for} y \in D\left( A_{1} \right), D\left( A_{1} \right) = \left\{ y \in W_{0}^{1,1}\left( \Omega \right),\Delta y \in L^{1}\left( \Omega \right) \right\}\text{,}$$ where $\Delta y$ is understood in the sense of distributions, and $$A_{\frac{6}{5}}y = \Delta y\quad\text{for} y \in D\left( A_{\frac{6}{5}} \right), D\left( A_{\frac{6}{5}} \right) = W^{2,\frac{6}{5}}\left( \Omega \right) \cap W_{0}^{1,\frac{6}{5}}\left( \Omega \right)\text{.}$$ Then $A_{1}$ and $A_{\frac{6}{5}}$ are the infinitesimal generators of analytic semigroups on $L^{1}\left( \Omega \right)$ and $L^{\frac{6}{5}}\left( \Omega \right)$ respectively (see e.g. Theorems 3.10 and 3.5 of Chapter 7 in [@br000060]). Let $S_{1}\left( t \right)$ be the analytic semigroup generated by $A_{1}$. By Theorem 4.3 of Chapter 8 and Theorem 6.13 of Chapter 2 in [@br000060] we have $$\left\| z\left( t, \cdot \right) \right\|_{W^{1,\frac{6}{5}}{(\Omega)}} \leq C\left\| \left( - A_{\frac{6}{5}} \right)^{\frac{8}{15}}z\left( t, \cdot \right) \right\|_{L^{\frac{6}{5}}{(\Omega)}} = C\left\| \left( - A_{1} \right)^{\frac{8}{15}}S_{1}\left( t \right)\varphi \right\|_{L^{\frac{6}{5}}{(\Omega)}} = C\left\| \left( - A_{1} \right)^{\frac{8}{15}}S_{1}\left( \frac{t}{2} \right)S_{1}\left( \frac{t}{2} \right)\varphi \right\|_{L^{\frac{6}{5}}{(\Omega)}} = C\left\| S_{1}\left( \frac{t}{2} \right)\left( - A_{1} \right)^{\frac{8}{15}}S_{1}\left( \frac{t}{2} \right)\varphi \right\|_{L^{\frac{6}{5}}{(\Omega)}}\text{.}$$ Moreover, by the proof of Lemma 1 in [@br000085] (for the sake of completeness we provide this as [Lemma A.2](#e000100){ref-type="statement"} in the [Appendix](#s000020){ref-type="sec"}), we obtain $$\left\| S_{1}\left( \frac{t}{2} \right)\left( - A_{1} \right)^{\frac{8}{15}}S_{1}\left( \frac{t}{2} \right)\varphi \right\|_{L^{\frac{6}{5}}{(\Omega)}} \leq t^{- \frac{N}{12}}\left\| \left( - A_{1} \right)^{\frac{8}{15}}S_{1}\left( \frac{t}{2} \right)\varphi \right\|_{L^{1}{(\Omega)}}\text{,}$$ which, together with [(2.21)](#fd000290){ref-type="disp-formula"} and Theorem 6.13 of Chapter 2 in [@br000060] leads to $$\left\| z\left( t, \cdot \right) \right\|_{W^{1,\frac{6}{5}}{(\Omega)}} \leq Ct^{- \frac{N}{12}}\left\| \left( - A_{1} \right)^{\frac{8}{15}}S_{1}\left( \frac{t}{2} \right)\varphi \right\|_{L^{1}{(\Omega)}} \leq Ct^{- \frac{8}{15} - \frac{N}{12}}\left\| \varphi \right\|_{L^{1}{(\Omega)}}\text{.}$$ The latter inequality combined with [(2.19)](#fd000270){ref-type="disp-formula"} implies $$\left| \int_{\Omega}\varphi\left( x \right)\overline{y}\left( t,x \right)\, dx \right| \leq \int_{0}^{t}\left\| \nabla z\left( t - \tau, \cdot \right) \right\|_{L^{\frac{6}{5}}{(\Omega)}}\left\| \overset{\rightarrow}{\xi} + \nabla u \right\|_{L^{6}{(\Omega)}}\, d\tau \leq C\int_{0}^{t}\left( t - \tau \right)^{- \frac{8}{15} - \frac{N}{12}}\left\| \varphi \right\|_{L^{1}{(\Omega)}}\left\| \overset{\rightarrow}{\xi} + \nabla u \right\|_{L^{6}{(\Omega)}}\, d\tau \leq C\left\| \varphi \right\|_{L^{1}{(\Omega)}}\left( \int_{0}^{t}\left\| \overset{\rightarrow}{\xi} + \nabla u \right\|_{L^{6}{(\Omega)}}^{6}\, d\tau \right)^{\frac{1}{6}}\left( \int_{0}^{t}\left( t - \tau \right)^{\frac{6}{5}{( - \frac{8}{15} - \frac{N}{12})}}\, d\tau \right)^{\frac{5}{6}} \leq C\left\| \varphi \right\|_{L^{1}{(\Omega)}}\left\| \overset{\rightarrow}{\xi} + \nabla u \right\|_{L^{6}{(Q_{T})}}\left\lbrack \frac{t^{1 - \frac{6}{5}{(\frac{8}{15} + \frac{N}{12})}}}{1 - \frac{6}{5}\left( \frac{8}{15} + \frac{N}{12} \right)} \right\rbrack^{\frac{5}{6}} \leq C\left\| \varphi \right\|_{L^{1}{(\Omega)}}\left\| \overset{\rightarrow}{\xi} + \nabla u \right\|_{L^{6}{(Q_{T})}}\text{,}\quad\forall t \in \left\lbrack 0,T \right\rbrack\text{.}$$ Hence, by [(2.22) and (2.18)](#fd000305 fd000255){ref-type="disp-formula"}, we have $$\left| \int_{\Omega}\varphi\left( x \right)\overline{y}\left( t,x \right)\, dx \right| \leq C\left\| \varphi \right\|_{L^{1}{(\Omega)}}\left\| \overset{\rightarrow}{\xi} \right\|_{L^{6}{(Q_{T})}}\text{,}\quad\forall t \in \left\lbrack 0,T \right\rbrack\text{,}$$ which implies that $$\left\| \overline{y}\left( t, \cdot \right) \right\|_{L^{\infty}{(\Omega)}} \leq C\left\| \overset{\rightarrow}{\xi} \right\|_{L^{6}{(Q_{T})}}\text{,}\quad\forall t \in \left\lbrack 0,T \right\rbrack\text{.}$$ Recalling the fact that $\overline{y} \in C\left( {\overline{Q}}_{T} \right)$, this estimate implies [(2.20)](#fd000275){ref-type="disp-formula"}.Finally, it follows from [(2.12) and (2.15)](#fd000220 fd000235){ref-type="disp-formula"} that $\widetilde{y} - \overline{y}$ satisfies $$\begin{cases}
{\left( \widetilde{y} - \overline{y} \right)_{t} - \Delta\left( \widetilde{y} - \overline{y} \right) + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}\left( \widetilde{y} - \overline{y} \right)\, ds + \alpha\left( x \right)\left( \widetilde{y} - \overline{y} \right) = - \alpha\left( x \right)\overline{y}} & {\text{in} Q_{T}\text{,}} \\
{\left( \widetilde{y} - \overline{y} \right)\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{\left( \widetilde{y} - \overline{y} \right)\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ By the estimate of Step 1 and [(2.20)](#fd000275){ref-type="disp-formula"} we conclude that $$\left\| \widetilde{y} \right\|_{C{({\overline{Q}}_{T})}} \leq \left\| \widetilde{y} - \overline{y} \right\|_{C{({\overline{Q}}_{T})}} + \left\| \overline{y} \right\|_{C{({\overline{Q}}_{T})}} \leq C\left\| \alpha\overline{y} \right\|_{L^{6}{(Q_{T})}} + \left\| \overline{y} \right\|_{C{({\overline{Q}}_{T})}} \leq C\left\| \overset{\rightarrow}{\xi} \right\|_{L^{6}{(Q_{T})}}\text{,}$$ which together with [(2.14)](#fd000230){ref-type="disp-formula"} completes the proof. □

In the rest of this section, we shall consider the following adjoint equation $$\begin{cases}
{p_{t} + \Delta p - \sigma\int_{t}^{T}e^{- \gamma{(s - t)}}p\left( s \right)\, ds - \alpha\left( x \right)p = 0} & {\text{in} Q_{T}\text{,}} \\
{p\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{p\left( T, \cdot \right) = \zeta\text{,}} & {\text{in}\Omega\text{,}} \\
\end{cases}$$ where $\zeta \in \left( C_{0}\left( \Omega \right) \right)^{\ast}$. Definition 2.6A function $p \in L^{\frac{6}{5}}\left( Q_{T} \right)$ is called a weak solution of [(2.23)](#fd000330){ref-type="disp-formula"} if $$\int_{Q_{T}}p \cdot f\, dx\, dt = \left\langle \zeta,y\left( T, \cdot \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}}\text{,}\quad\forall f \in L^{6}\left( Q_{T} \right)\text{,}$$ where $y$ is the solution to $$\begin{cases}
{y_{t} - \Delta y + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}y\left( s \right)\, ds + \alpha\left( x \right)y = f} & {\text{in} Q_{T}\text{,}} \\
{y\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{y\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$

Lemma 2.7*Eq.* [(2.23)](#fd000330){ref-type="disp-formula"} *has a unique weak solution* $p$ *. Moreover,* $p \in L^{\frac{6}{5}}\left( 0,T;W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right)$*.*

ProofWe choose a sequence $\left\{ l_{n} \right\}_{n \geq 1} \subset C_{0}^{\infty}\left( \Omega \right)$ satisfying $$\left. \left\| l_{n} \right\|_{L^{1}{(\Omega)}} \leq C\left\| \zeta \right\|_{{(C_{0}{(\Omega)})}^{\ast}}\quad\text{and}\quad\int_{\Omega}l_{n}\varphi\, dx\rightarrow\left\langle \zeta,\varphi \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}}\text{,}\quad\forall\varphi \in C_{0}\left( \Omega \right)\text{.} \right.$$ Here and throughout the proof of this lemma, $C$ denotes a generic positive constant independent of $n$. For $n = 1,\ldots$, let $p_{n}$ be the solution to $$\begin{cases}
{- \left( p_{n} \right)_{t} - \Delta p_{n} + \sigma\int_{t}^{T}e^{- \gamma{(s - t)}}p_{n}\left( s \right)\, ds + \alpha\left( x \right)p_{n} = 0} & {\text{in} Q_{T}\text{,}} \\
{p_{n}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{p_{n}\left( T,x \right) = l_{n}\left( x \right)} & {\text{in}\Omega\text{.}} \\
\end{cases}$$To obtain a bound for $\left\{ p_{n} \right\}$ let $\overset{\rightarrow}{\theta} = \left( f,\overset{\rightarrow}{\xi} \right) \in L^{6}\left( Q_{T} \right) \times \left( L^{6}\left( Q_{T} \right) \right)^{N}$ be arbitrary and denote by $y_{\overset{\rightarrow}{\theta}}$ the solution to $$\begin{cases}
{\left( y_{\overset{\rightarrow}{\theta}} \right)_{t} - \Delta y_{\overset{\rightarrow}{\theta}} + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}y_{\overset{\rightarrow}{\theta}}\left( s \right)\, ds + \alpha\left( x \right)y_{\overset{\rightarrow}{\theta}} = f - {div}\,\overset{\rightarrow}{\xi}} & {\text{in} Q_{T}\text{,}} \\
{y_{\overset{\rightarrow}{\theta}}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{y_{\overset{\rightarrow}{\theta}}\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$By [(2.27) and (2.26)](#fd000355 fd000350){ref-type="disp-formula"}, we have $$\int_{Q_{T}}\left\lbrack f \cdot p_{n} + \sum\limits_{i = 1}^{N}\xi_{i}\left( p_{n} \right)_{x_{i}} \right\rbrack\, dx\, dt = \int_{\Omega}y_{\overset{\rightarrow}{\theta}}\left( T,x \right) \cdot p_{n}\left( T,x \right)\, dx = \int_{\Omega}y_{\overset{\rightarrow}{\theta}}\left( T,x \right) \cdot l_{n}\left( x \right)\, dx\text{,}$$ which, together with [(2.27)](#fd000355){ref-type="disp-formula"}, [Lemma 2.5](#e000050){ref-type="statement"} and [(2.25)](#fd000345){ref-type="disp-formula"}, implies that $$\left| \int_{Q_{T}}\left\lbrack f \cdot p_{n} + \sum\limits_{i = 1}^{N}\xi_{i}\left( p_{n} \right)_{x_{i}} \right\rbrack\, dx\, dt \right| \leq \left\| l_{n} \right\|_{L^{1}{(\Omega)}}\left\| y_{\overset{\rightarrow}{\theta}}\left( T, \cdot \right) \right\|_{L^{\infty}{(\Omega)}} \leq C\left\| \zeta \right\|_{{(C_{0}{(\Omega)})}^{\ast}}\left( \left\| f \right\|_{L^{6}{(Q_{T})}} + \sum\limits_{i = 1}^{N}\left\| \xi_{i} \right\|_{L^{6}{(Q_{T})}} \right)\text{.}$$ Hence, $\left\{ p_{n} \right\}_{n \geq 1}$ is bounded in $L^{\frac{6}{5}}\left( 0,T;W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right)$. Thus there exist a subsequence of $\left\{ p_{n} \right\}_{n = 1}^{\infty}$, still denoted by the same notation, and a function $p \in L^{\frac{6}{5}}\left( 0,T;W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right)$ such that $$\left. p_{n}\rightarrow p\quad\text{weakly~in} L^{\frac{6}{5}}\left( 0,T;W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right)\text{.} \right.$$ Next we claim that $$p\text{is\ a\ weak\ solution\ to\ (2.23)~.}$$ For this purpose, let $f \in L^{6}\left( Q_{T} \right)$ and denote by $y$ the solution to [(2.24)](#fd000340){ref-type="disp-formula"}. Then by [(2.24) and (2.26)](#fd000340 fd000350){ref-type="disp-formula"}, we get $$\int_{Q_{T}}p_{n}f\, dx\, dt = \int_{\Omega}l_{n}\left( x \right)y\left( T,x \right)\, dx\text{.}$$ Passing to the limit for $\left. n\rightarrow\infty \right.$ in [(2.29)](#fd000380){ref-type="disp-formula"} we conclude by [(2.28)](#fd000370){ref-type="disp-formula"}, [Lemma 2.3](#e000030){ref-type="statement"} and [(2.25)](#fd000345){ref-type="disp-formula"} that $p$ is a weak solution of [(2.23)](#fd000330){ref-type="disp-formula"}.Finally, we prove uniqueness. Suppose that $p_{1}$ and $p_{2}$ are weak solutions to Eq. [(2.23)](#fd000330){ref-type="disp-formula"}. Then $p_{1} - p_{2} \in L^{\frac{6}{5}}\left( Q_{T} \right)$ and $$\int_{Q_{T}}\left( p_{1} - p_{2} \right)f\, dx\, dt = 0\text{,}\quad\forall f \in L^{6}\left( Q_{T} \right)\text{,}$$ which implies that $p_{1} - p_{2} = 0$ a.e. in $Q_{T}$ and completes the proof. □

3. Pontryagin's maximum principle {#s000015}
=================================

We first give the *proof of* [Theorem 1.1](#e000005){ref-type="statement"}. ProofThe proof is split into five steps.*Step* 1. *Introduction of a penalty functional* $\left. J_{\varepsilon}:\left( \mathcal{U}\left( Q_{T} \right);\overline{d} \right)\rightarrow\left\lbrack 0, + \infty \right) \right.$.Let $T > T^{\ast}$ be arbitrary and set $S = \left\{ s \in C_{0}\left( \Omega \right):\left\| s \right\|_{C_{0}{(\Omega)}} \leq 1 \right\}$. For any $\varepsilon$ with $0 < \varepsilon < T^{\ast}$, we define the functional $\left. J_{\varepsilon}:\left( \mathcal{U}\left( Q_{T} \right);\overline{d} \right)\rightarrow\left\lbrack 0, + \infty \right) \right.$ by: $$J_{\varepsilon}\left( g \right) = d_{S}\left( u\left( T^{\ast} - \varepsilon, \cdot ;u_{0},g \right) \right)\text{,}\quad\text{for} g \in \mathcal{U}\left( Q_{T} \right)\text{,}$$ where $$d_{S}\left( u\left( T^{\ast} - \varepsilon, \cdot ;u_{0},g \right) \right) \equiv \inf\limits_{s \in S}\left\| u\left( T^{\ast} - \varepsilon, \cdot ;u_{0},g \right) - s \right\|_{C_{0}{(\Omega)}}\text{.}$$ By [Lemma 2.5](#e000050){ref-type="statement"}, we have $$\left| J_{\varepsilon}\left( g \right) - J_{\varepsilon}\left( \widetilde{g} \right) \right| \leq \left\| u\left( T^{\ast} - \varepsilon, \cdot ;u_{0},g \right) - u\left( T^{\ast} - \varepsilon, \cdot ;u_{0},\widetilde{g} \right) \right\|_{C_{0}{(\Omega)}} \leq \left\| u\left( \cdot , \cdot ;u_{0},g \right) - u\left( \cdot , \cdot ;u_{0},\widetilde{g} \right) \right\|_{C{({\overline{Q}}_{T})}} \leq C\left\| g - \widetilde{g} \right\|_{L^{6}{(Q_{T})}}\text{.}$$ Here and throughout this proof, $C$ denotes a generic constant independent of $\varepsilon$. From [(3.2)](#fd000400){ref-type="disp-formula"}, we can easily check that $J_{\varepsilon}$ is continuous on $\left( \mathcal{U}\left( Q_{T} \right);\overline{d} \right)$. Moreover, it is obvious that $J_{\varepsilon}\left( g \right) > 0$ for each $g \in \mathcal{U}\left( Q_{T} \right)$. Abbreviating $u^{\ast}\left( t,x \right) = u\left( t,x;u_{0},g^{\ast} \right)$, we have that $$\left. J_{\varepsilon}\left( g^{\ast} \right) = d_{S}\left( u^{\ast}\left( T^{\ast} - \varepsilon, \cdot \right) \right) \equiv \delta\left( \varepsilon \right) \leq \left\| u^{\ast}\left( T^{\ast} - \varepsilon, \cdot \right) - u^{\ast}\left( T^{\ast}, \cdot \right) \right\|_{C_{0}{(\Omega)}}\rightarrow 0\quad\text{as}\varepsilon\rightarrow 0\text{.} \right.$$*Step* 2. *Application of Ekeland's variational principle*By Ekeland's variational principle, see e.g. Corollary 2.2 of Chapter 4 in [@br000055], we see that there exists a $g_{\varepsilon} \in \mathcal{U}\left( Q_{T} \right)$ such that $$\overline{d}\left( g_{\varepsilon},g^{\ast} \right) \leq \left\lbrack \delta\left( \varepsilon \right) \right\rbrack^{\frac{1}{2}}$$ and $$- \left\lbrack \delta\left( \varepsilon \right) \right\rbrack^{\frac{1}{2}}\overline{d}\left( g_{\varepsilon},g \right) \leq J_{\varepsilon}\left( g \right) - J_{\varepsilon}\left( g_{\varepsilon} \right)\text{,}\quad\forall g \in \mathcal{U}\left( Q_{T} \right)\text{.}$$*Step* 3. *Derivation of the necessary conditions for* $\left( g_{\varepsilon},u_{\varepsilon} \right)$, *where* $u_{\varepsilon}\left( t,x \right) \equiv u\left( t,x;u_{0},g_{\varepsilon} \right)$.Let $g \in \mathcal{U}\left( Q_{T} \right)$ be arbitrary. Then by [Lemma 2.4](#e000040){ref-type="statement"} there exists for each $\rho \in \left( 0,1 \right)$ a measurable set $E_{\rho} \subset Q_{T}$ such that $\left| E_{\rho} \right|_{\mathbb{R}^{N + 1}} = \rho\left| Q_{T} \right|_{\mathbb{R}^{N + 1}}$, and the function $$g_{\rho}^{\varepsilon}\left( t,x \right) \equiv \begin{cases}
{g_{\varepsilon}\left( t,x \right)\text{,}} & {\left( t,x \right) \in Q_{T} \smallsetminus E_{\rho}\text{,}} \\
{g\left( t,x \right)\text{,}} & {\left( t,x \right) \in E_{\rho}} \\
\end{cases}$$ satisfies $g_{\rho}^{\varepsilon} \in \mathcal{U}\left( Q_{T} \right)$. Moreover, the solution $u_{\rho}^{\varepsilon}\left( t,x \right) \equiv u\left( t,x;u_{0},g_{\rho}^{\varepsilon} \right)$ satisfies: $$\left. \left\| \rho^{- 1}\left( u_{\rho}^{\varepsilon} - u_{\varepsilon} \right) - z_{\varepsilon} \right\|_{C{({\overline{Q}}_{T})}}\rightarrow 0\quad\text{as}\rho\rightarrow 0\text{,} \right.$$ where $z_{\varepsilon}$ is the unique solution to $$\begin{cases}
{\left( z_{\varepsilon} \right)_{t} - \Delta z_{\varepsilon} + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}z_{\varepsilon}\left( s \right)\, ds + \alpha\left( x \right)z_{\varepsilon} = \chi_{\omega}\left( g - g_{\varepsilon} \right)} & {\text{in} Q_{T}\text{,}} \\
{z_{\varepsilon}\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{z_{\varepsilon}\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ From [(3.4) and (3.5)](#fd000415 fd000420){ref-type="disp-formula"} it follows that $$- \left\lbrack \delta\left( \varepsilon \right) \right\rbrack^{\frac{1}{2}}\rho\left| Q_{T} \right|_{\mathbb{R}^{N + 1}} = - \left\lbrack \delta\left( \varepsilon \right) \right\rbrack^{\frac{1}{2}}\overline{d}\left( g_{\varepsilon},g_{\rho}^{\varepsilon} \right) \leq J_{\varepsilon}\left( g_{\rho}^{\varepsilon} \right) - J_{\varepsilon}\left( g_{\varepsilon} \right)\text{,}$$ which, together with [(3.1) and (3.6)](#fd000390 fd000425){ref-type="disp-formula"}, implies $$\left. - \left\lbrack \delta\left( \varepsilon \right) \right\rbrack^{\frac{1}{2}}\left| Q_{T} \right|_{\mathbb{R}^{N + 1}} \leq \frac{J_{\varepsilon}\left( g_{\rho}^{\varepsilon} \right) - J_{\varepsilon}\left( g_{\varepsilon} \right)}{\rho} = \frac{d_{S}\left( u_{\rho}^{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right) - d_{S}\left( u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right)}{\rho}\rightarrow\left\langle \zeta_{\varepsilon},z_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}}\quad\text{as}\rho\rightarrow 0^{+}\text{,} \right.$$ see e.g. Proposition 3.11 of Chapter 4 in [@br000055]. Here $\zeta_{\varepsilon} \in \partial d_{S}\left( u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right)$, which denotes the subdifferential of $d_{S}\left( \cdot \right)$ at $u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right)$. Since $T^{\ast}$ is the minimal time for problem [(P)](#fd000025){ref-type="disp-formula"}, we have $u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \notin S$ and hence $$\left\| \zeta_{\varepsilon} \right\|_{{(C_{0}{(\Omega)})}^{\ast}} = 1\text{,}\quad\text{for~each~}\varepsilon > 0\text{,}$$ see e.g. Proposition 3.11 of Chapter 4 in [@br000055].*Step* 4. *Passing to the limit for* $\left. \varepsilon\rightarrow 0 \right.$ *in* [(3.7) and (3.8)](#fd000430 fd000440){ref-type="disp-formula"}.By [(3.3)](#fd000410){ref-type="disp-formula"} and using $g_{\varepsilon},g^{\ast} \in \mathcal{U}\left( Q_{T} \right)$, one can easily show that $$\left. g_{\varepsilon}\rightarrow g^{\ast}\quad\text{strongly~in} L^{6}\left( Q_{T} \right)\text{as}\varepsilon\rightarrow 0\text{.} \right.$$ Making use of [(1.2)](#fd000020){ref-type="disp-formula"} satisfied by $\left( u_{\varepsilon},g_{\varepsilon} \right)$ and $\left( u^{\ast},g^{\ast} \right)$, we obtain from [Lemma 2.5](#e000050){ref-type="statement"} that $$\left. \left\| u_{\varepsilon} - u^{\ast} \right\|_{C{({\overline{Q}}_{T})}} \leq C\left\| g_{\varepsilon} - g^{\ast} \right\|_{L^{6}{(Q_{T})}}\rightarrow 0\quad\text{as}\varepsilon\rightarrow 0\text{.} \right.$$ By [(3.10)](#fd000450){ref-type="disp-formula"}, [(3.7)](#fd000430){ref-type="disp-formula"} and similar arguments as in [(3.11)](#fd000455){ref-type="disp-formula"}, we see that $$\left. \left\| z_{\varepsilon} - z \right\|_{C{({\overline{Q}}_{T})}} \leq C\left\| g_{\varepsilon} - g^{\ast} \right\|_{L^{6}{(Q_{T})}}\rightarrow 0\quad\text{as}\varepsilon\rightarrow 0\text{,} \right.$$ where $z$ is the unique solution to $$\begin{cases}
{z_{t} - \Delta z + \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}z\left( s \right)\, ds + \alpha\left( x \right)z = \chi_{\omega}\left( g - g^{\ast} \right)} & {\text{in} Q_{T}\text{,}} \\
{z\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{z\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ Moreover, by [(3.8) and (3.9)](#fd000440 fd000445){ref-type="disp-formula"}, we get that $$\left\langle \zeta_{\varepsilon},z\left( T^{\ast}, \cdot \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}} = \left\langle \zeta_{\varepsilon},z\left( T^{\ast}, \cdot \right) - z_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}} + \left\langle \zeta_{\varepsilon},z_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}} \geq - \left\| z_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) - z\left( T^{\ast}, \cdot \right) \right\|_{C_{0}{(\Omega)}} - \left\lbrack \delta\left( \varepsilon \right) \right\rbrack^{\frac{1}{2}}\left| Q_{T} \right|_{\mathbb{R}^{N + 1}}\text{.}$$ Applying [(3.9)](#fd000445){ref-type="disp-formula"} again, we can assume, without loss of generality, that $$\left. \zeta_{\varepsilon}\rightarrow\zeta_{0}\quad\text{weakly~star~in}\left( C_{0}\left( \Omega \right) \right)^{\ast}\text{,} \right.$$ for some $\zeta_{0} \in \left( C_{0}\left( \Omega \right) \right)^{\ast}$. It follows easily from [(3.14), (3.15) and (3.12)](#fd000470 fd000475 fd000460){ref-type="disp-formula"} that $$\left\langle \zeta_{0},z\left( T^{\ast}, \cdot \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}} \geq 0\text{.}$$*Step* 5. *The proof of* [(1.3) and (1.4)](#fd000035 fd000040){ref-type="disp-formula"}.We first claim that $$\zeta_{0} \neq 0\text{.}$$ Indeed, by [(3.9)](#fd000445){ref-type="disp-formula"} and making use of the definition of the subdifferential $\partial d_{S}$, we obtain $$\left\langle \zeta_{\varepsilon},u^{\ast}\left( T^{\ast}, \cdot \right) - w \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}} = \left\langle \zeta_{\varepsilon},u^{\ast}\left( T^{\ast}, \cdot \right) - u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}} + \left\langle \zeta_{\varepsilon},u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) - w \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}} \geq - \left\| u^{\ast}\left( T^{\ast}, \cdot \right) - u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right\|_{C_{0}{(\Omega)}} + d_{S}\left( u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right) \geq - \left\| u^{\ast}\left( T^{\ast}, \cdot \right) - u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right\|_{C_{0}{(\Omega)}}\text{,}$$ which combined with [(3.11)](#fd000455){ref-type="disp-formula"} implies that $$\left. \left\langle \zeta_{\varepsilon},u^{\ast}\left( T^{\ast}, \cdot \right) - w \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}} \geq - \left\| u^{\ast}\left( T^{\ast}, \cdot \right) - u_{\varepsilon}\left( T^{\ast} - \varepsilon, \cdot \right) \right\|_{C_{0}{(\Omega)}}\rightarrow 0\text{,}\quad\forall w \in S,\text{as~}\varepsilon\rightarrow 0\text{.} \right.$$ Utilizing this relation, together with [Lemma 2.1](#e000015){ref-type="statement"}, [(3.9)](#fd000445){ref-type="disp-formula"}, [(3.15)](#fd000475){ref-type="disp-formula"} and the fact that $S$ is finite codimensional in $C_{0}\left( \Omega \right)$, [(3.17)](#fd000485){ref-type="disp-formula"} follows.Let $\psi \in L^{\frac{6}{5}}\left( 0,T^{\ast};W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right)$ be the unique weak solution to [(1.3)](#fd000035){ref-type="disp-formula"}. By the proof of [Lemma 2.7](#e000065){ref-type="statement"}, we infer that there exist two sequences $\left\{ l_{n} \right\}_{n = 1}^{\infty} \subset C_{0}^{\infty}\left( \Omega \right)$ and $\left\{ p_{n} \right\}_{n = 1}^{\infty}$ satisfying $$\left. \int_{\Omega}l_{n}\left( x \right) \cdot \varphi\left( x \right)\, dx\rightarrow\left\langle \zeta_{0},\varphi \right\rangle_{{(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)}}\quad\forall\varphi \in C_{0}\left( \Omega \right)\text{,} \right.$$$$\left. p_{n}\rightarrow\psi\quad\text{weakly~in} L^{\frac{6}{5}}\left( 0,T^{\ast};W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right) \right.$$ and $$\begin{cases}
{\left( p_{n} \right)_{t} + \Delta p_{n} - \sigma\int_{t}^{T^{\ast}}e^{- \gamma{(s - t)}}p_{n}\left( s \right)\, ds - \alpha\left( x \right)p_{n} = 0} & {\text{in} Q_{T^{\ast}}\text{,}} \\
{p_{n}\left( t,x \right) = 0} & {\text{on}\Sigma_{T^{\ast}}\text{,}} \\
{p_{n}\left( T^{\ast},x \right) = - l_{n}\left( x \right)} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ From [(3.13) and (3.20)](#fd000465 fd000515){ref-type="disp-formula"} it follows that $$\left\langle - l_{n}\left( \cdot \right),z\left( T^{\ast}, \cdot \right) \right\rangle_{L^{2}{(\Omega)},L^{2}{(\Omega)}} = \left\langle p_{n}\left( T^{\ast}, \cdot \right),z\left( T^{\ast}, \cdot \right) \right\rangle_{L^{2}{(\Omega)},L^{2}{(\Omega)}} = \int_{Q_{T^{\ast}}}\chi_{\omega}\left( g - g^{\ast} \right)p_{n}\, dx\, dt\text{.}$$ Passing to the limit for $\left. n\rightarrow\infty \right.$ in the last equality, we obtain by [(3.18), (3.19) and (3.16)](#fd000505 fd000510 fd000480){ref-type="disp-formula"} that $$\int_{Q_{T^{\ast}}}\chi_{\omega}\left( g - g^{\ast} \right)\psi\, dx\, dt \leq 0\text{,}\quad\forall g \in \mathcal{U}\left( Q_{T} \right)\text{,}$$ from which we conclude $$\int_{Q_{T^{\ast}}}\chi_{\omega}\left( g - g^{\ast} \right)\psi\, dx\, dt \leq 0\text{,}\quad\forall g \in \mathcal{U}_{ad}\text{,}$$ where $$\mathcal{U}_{ad} \equiv \left\{ g:Q_{T^{\ast}}\rightarrow\left( - \infty, + \infty \right)\text{measurable};\left| g\left( t,x \right) \right| \leq M\text{for~almost}\left( t,x \right) \in Q_{T^{\ast}} \right\}\text{.}$$ Finally, we denote $$F\left( t,x \right) = \chi_{\omega}\left( x \right)\left( M - g^{\ast}\left( t,x \right) \right)\psi\left( t,x \right)\text{,}\quad\forall\left( t,x \right) \in Q_{T^{\ast}}\text{,}$$ which satisfies $F \in L^{1}\left( Q_{T^{\ast}} \right)$. Therefore, there exists a measurable set $D \subset Q_{T^{\ast}}$ with $\left| D \right|_{\mathbb{R}^{N + 1}} = \left| Q_{T^{\ast}} \right|_{\mathbb{R}^{N + 1}}$, such that any point in $D$ is a Lebesgue point of $F$, i.e., $$\lim\limits_{r\rightarrow 0^{+}}\underset{\mathbb{R}^{N + 1}}{\overset{- 1}{\left| B\left( \left( \widetilde{t},\widetilde{x} \right),r \right) \right|}}\int_{B{({(\widetilde{t},\widetilde{x})},r)}}\left| F\left( t,x \right) - F\left( \widetilde{t},\widetilde{x} \right) \right|\, dx\, dt = 0\text{,}\quad\forall\left( \widetilde{t},\widetilde{x} \right) \in D\text{,}$$ where $B\left( \left( \widetilde{t},\widetilde{x} \right),r \right)$ denotes the closed ball with center at $\left( \widetilde{t},\widetilde{x} \right)$ and radius $r$ in $\mathbb{R}^{N + 1}$. Now for any fixed $\left( \widetilde{t},\widetilde{x} \right) \in D$, and for any sufficiently small positive constant $r$, we define $$g_{r}\left( t,x \right) = \begin{cases}
{g^{\ast}\left( t,x \right)\text{,}} & {\text{if}\left( t,x \right) \in B\left( \left( \widetilde{t},\widetilde{x} \right),r \right)^{c} \cap Q_{T^{\ast}}\text{,}} \\
{M\text{,}} & {\text{if}\left( t,x \right) \in B\left( \left( \widetilde{t},\widetilde{x} \right),r \right) \cap Q_{T^{\ast}}\text{.}} \\
\end{cases}$$ Here $B\left( \left( \widetilde{t},\widetilde{x} \right),r \right)^{c}$ denotes the complement to $B\left( \left( \widetilde{t},\widetilde{x} \right),r \right)$. From [(3.24) and (3.21)](#fd000550 fd000530){ref-type="disp-formula"} it follows that $$\int_{B{({(\widetilde{t},\widetilde{x})},r)} \cap Q_{T^{\ast}}}\chi_{\omega}\left( x \right)\left( M - g^{\ast}\left( t,x \right) \right)\psi\left( t,x \right)\, dx\, dt \leq 0\text{,}\quad\forall r > 0\text{.}$$ Dividing [(3.25)](#fd000555){ref-type="disp-formula"} by $\left| B\left( \left( \widetilde{t},\widetilde{x} \right),r \right) \right|_{\mathbb{R}^{N + 1}}$ we obtain by [(3.22) and (3.23)](#fd000540 fd000545){ref-type="disp-formula"}$$M \cdot \chi_{\omega}\left( x \right)\psi\left( t,x \right) \leq g^{\ast}\left( t,x \right) \cdot \chi_{\omega}\left( x \right)\psi\left( t,x \right)\text{,}\quad\forall\left( t,x \right) \in D\text{.}$$ This inequality together with $D \subset Q_{T^{\ast}}$ and $\left| D \right|_{\mathbb{R}^{N + 1}} = \left| Q_{T^{\ast}} \right|_{\mathbb{R}^{N + 1}}$ implies that $$M \cdot \chi_{\omega}\left( x \right)\psi\left( t,x \right) \leq g^{\ast}\left( t,x \right) \cdot \chi_{\omega}\left( x \right)\psi\left( t,x \right)\text{,}\quad\text{a.e.}\left( t,x \right) \in Q_{T^{\ast}}\text{.}$$ Similarly, we obtain $$- M \cdot \chi_{\omega}\left( x \right)\psi\left( t,x \right) \leq g^{\ast}\left( t,x \right) \cdot \chi_{\omega}\left( x \right)\psi\left( t,x \right)\text{,}\quad\text{a.e.}\left( t,x \right) \in Q_{T^{\ast}}\text{.}$$ Moreover, since $$\max\limits_{{|a|} \leq M}\left( \chi_{\omega}\left( x \right)\psi\left( t,x \right) \cdot a \right) = \max\limits_{a \in {\{ M, - M\}}}\left( \chi_{\omega}\left( x \right)\psi\left( t,x \right) \cdot a \right)\text{,}$$ we deduce the desired result from [(3.26) and (3.27)](#fd000565 fd000570){ref-type="disp-formula"}$$\chi_{\omega}\left( x \right)\psi\left( t,x \right) \cdot g^{\ast}\left( t,x \right) = \max\limits_{{|a|} \leq M}\left( \chi_{\omega}\left( x \right)\psi\left( t,x \right) \cdot a \right) = M\left| \chi_{\omega}\left( x \right)\psi\left( t,x \right) \right|\text{.}$$ □

We turn to the *proof of* [Corollary 1.2](#e000010){ref-type="statement"}. ProofLet $$\widetilde{\psi}\left( t,x \right) = \psi\left( T^{\ast} - t,x \right)\text{,}\qquad\widetilde{\varphi}\left( t,x \right) = \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}\widetilde{\psi}\left( s,x \right)\, ds\text{,}\quad\left( t,x \right) \in Q_{T^{\ast}}\text{.}$$ Then we have $$\begin{cases}
{{\widetilde{\psi}}_{t} = \Delta\widetilde{\psi} - \widetilde{\varphi} - \alpha\left( x \right)\widetilde{\psi}} & {\text{in} Q_{T^{\ast}}\text{,}} \\
{{\widetilde{\varphi}}_{t} = - \gamma\widetilde{\varphi} + \sigma\widetilde{\psi}} & {\text{in} Q_{T^{\ast}}\text{,}} \\
{\widetilde{\psi}\left( t,x \right) = 0} & {\text{on}\Sigma_{T^{\ast}}\text{,}} \\
{\widetilde{\psi}\left( 0,x \right) = - \zeta_{0}\left( x \right)\text{,}\qquad\widetilde{\varphi}\left( 0,x \right) = 0} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ We shall carry out the proof in three steps.*Step* 1. *There exists a sequence* $\left\{ t_{n} \right\}_{n = 1}^{\infty} \subset \left( 0,T^{\ast} \right)$ *with* $t_{n}\downarrow 0$ *such that*$$\left. \widetilde{\psi}\left( t_{n},x \right)\rightarrow\widetilde{\psi}\left( 0,x \right)\quad\text{for~a.e.} x \in \Omega\text{,} \right.$$*and*$$\left. t\rightarrow\widetilde{\psi}\left( t,x \right)\quad\text{is~analytic~on}\left( 0,T^{\ast} \right),\forall x \in \Omega\text{.} \right.$$ This will be achieved for the cases $N = 1$ and $N = 2,3$ separately.*Case* 1: $N = 1$.We define two operators $\left. \widetilde{A_{1}}:D\left( \widetilde{A_{1}} \right) \subset L^{1}\left( \Omega \right) \times L^{1}\left( \Omega \right)\rightarrow L^{1}\left( \Omega \right) \times L^{1}\left( \Omega \right) \right.$ and $\left. \widetilde{B_{1}}:L^{1}\left( \Omega \right) \times L^{1}\left( \Omega \right)\rightarrow L^{1}\left( \Omega \right) \times L^{1}\left( \Omega \right) \right.$ as follows: $$\widetilde{A_{1}}\left( y,z \right) = \left( \Delta y,0 \right)\text{,}\quad\forall\left( y,z \right) \in D\left( \widetilde{A_{1}} \right) = D\left( \Delta \right) \times L^{1}\left( \Omega \right)\text{,}$$ where $D\left( \Delta \right) = \left\{ y \in W_{0}^{1,1}\left( \Omega \right):\Delta y \in L^{1}\left( \Omega \right) \right\},\Delta y$ is understood in the sense of distribution, and $$\widetilde{B_{1}}\left( y,z \right) = \left( - \alpha y - z,\sigma y - \gamma z \right)\text{,}\quad\forall\left( y,z \right) \in L^{1}\left( \Omega \right) \times L^{1}\left( \Omega \right)\text{.}$$ Let $S_{1}\left( t \right),t \geq 0$ be the analytic semigroup, generated by $\Delta$, on $L^{1}\left( \Omega \right)$ (see e.g. Theorem 3.10 of Chapter 7 in [@br000060]). For $t \geq 0$, we define $\left. \widehat{S_{1}}\left( t \right):L^{1}\left( \Omega \right) \times L^{1}\left( \Omega \right)\rightarrow L^{1}\left( \Omega \right) \times L^{1}\left( \Omega \right) \right.$ by: $$\widehat{S_{1}}\left( t \right)\left( y,z \right) = \left( S_{1}\left( t \right)y,z \right)\text{,}\quad\forall\left( y,z \right) \in L^{1}\left( \Omega \right)\text{.}$$ It is easy to check that $\widehat{S_{1}}\left( t \right)$ is a $C_{0}$-semigroup with infinitesimal generator $\widetilde{A_{1}}$. Furthermore, since $\widetilde{B_{1}}$ is a linear bounded operator, $\widetilde{A_{1}} + \widetilde{B_{1}}$ is the infinitesimal generator of a $C_{0}$-semigroup on $L^{1}\left( \Omega \right) \times L^{1}\left( \Omega \right)$, denoted by $\widetilde{S_{1}}\left( t \right)$. This, combined with [(3.28)](#fd000590){ref-type="disp-formula"} implies that $$\left( \widetilde{\psi},\widetilde{\varphi} \right) = \widetilde{S_{1}}\left( \cdot \right)\left( - \zeta_{0},0 \right) \in C\left( \left\lbrack 0,T^{\ast} \right\rbrack;L^{1}\left( \Omega \right) \right) \times C\left( \left\lbrack 0,T^{\ast} \right\rbrack;L^{1}\left( \Omega \right) \right)\text{,}$$ from which [(3.29)](#fd000595){ref-type="disp-formula"} follows.Next we turn to the proof of [(3.30)](#fd000600){ref-type="disp-formula"}. By [Theorem 1.1](#e000005){ref-type="statement"}, we have $\widetilde{\psi} \in L^{\frac{6}{5}}\left( 0,T^{\ast};W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right)$, and hence $\widetilde{\varphi} \in C\left( \left\lbrack 0,T^{\ast} \right\rbrack;W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \right)$. Since $W_{0}^{1,\frac{6}{5}}\left( \Omega \right) \subset C_{0}\left( \Omega \right)$ for $N = 1$ these facts imply that for each $t_{0} > 0$ there exists $t_{1} \in \left( 0,t_{0} \right)$, such that $$\widetilde{\psi}\left( t_{1}, \cdot \right) \in C_{0}\left( \Omega \right)\quad\text{and}\quad\widetilde{\varphi} \in C\left( \left\lbrack 0,T^{\ast} \right\rbrack;C_{0}\left( \Omega \right) \right)\text{.}$$ We set $\psi_{1}\left( t,x \right) = \widetilde{\psi}\left( t + t_{1},x \right)$ and $\varphi_{1}\left( t,x \right) = \widetilde{\varphi}\left( t + t_{1},x \right),\left( t,x \right) \in Q_{T^{\ast} - t_{1}}$. Then by [(3.28) and (3.31)](#fd000590 fd000625){ref-type="disp-formula"}, we have $$\begin{cases}
{\left( \psi_{1} \right)_{t} = \Delta\psi_{1} - \varphi_{1} - \alpha\left( x \right)\psi_{1}} & {\text{in} Q_{T^{\ast} - t_{1}}\text{,}} \\
{\left( \varphi_{1} \right)_{t} = - \gamma\varphi_{1} + \sigma\psi_{1}} & {\text{in} Q_{T^{\ast} - t_{1}}\text{,}} \\
{\psi_{1}\left( t,x \right) = 0} & {\text{on}\Sigma_{T^{\ast} - t_{1}}\text{,}} \\
{\psi_{1}\left( 0,x \right) = \widetilde{\psi}\left( t_{1},x \right)\text{,}\qquad\varphi_{1}\left( 0,x \right) = \widetilde{\varphi}\left( t_{1},x \right)} & {\text{in}\Omega\text{.}} \\
\end{cases}$$ By [Lemma 2.2](#e000020){ref-type="statement"} and [(3.31)](#fd000625){ref-type="disp-formula"} we deduce that for any $\left( \xi_{1},\xi_{2} \right) \in \left( C_{0}\left( \Omega \right) \right)^{\ast} \times \left( C_{0}\left( \Omega \right) \right)^{\ast}$ the function $$\left. t\rightarrow\left\langle \left( \xi_{1},\xi_{2} \right),T\left( t \right)\left( \widetilde{\psi}\left( t_{1}, \cdot \right),\widetilde{\varphi}\left( t_{1}, \cdot \right) \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast} \times {(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)} \times C_{0}{(\Omega)}}\quad\text{is~analytic~on}\left( 0,\infty \right)\text{.} \right.$$ For any $x_{0} \in \Omega$, we define $\left( {\widetilde{\xi}}_{1},{\widetilde{\xi}}_{2} \right) \in \left( C_{0}\left( \Omega \right) \right)^{\ast} \times \left( C_{0}\left( \Omega \right) \right)^{\ast}$ by $$\left\langle \left( {\widetilde{\xi}}_{1},{\widetilde{\xi}}_{2} \right),\left( y,z \right) \right\rangle_{{(C_{0}{(\Omega)})}^{\ast} \times {(C_{0}{(\Omega)})}^{\ast},C_{0}{(\Omega)} \times C_{0}{(\Omega)}} = \left( y\left( x_{0} \right),z\left( x_{0} \right) \right)\text{,}\quad\forall\left( y,z \right) \in C_{0}\left( \Omega \right) \times C_{0}\left( \Omega \right)\text{,}$$ which, combined with [(3.33)](#fd000635){ref-type="disp-formula"}, implies that $$\left. t\rightarrow\left( T\left( t \right)\left( \widetilde{\psi}\left( t_{1}, \cdot \right),\widetilde{\varphi}\left( t_{1}, \cdot \right) \right) \right)\left( x_{0} \right)\quad\text{is~analytic~on}\left( 0,\infty \right)\text{.} \right.$$ This together with [(3.32)](#fd000630){ref-type="disp-formula"} and the fact that $\psi_{1}\left( t,x \right) = \widetilde{\psi}\left( t + t_{1},x \right),\left( t,x \right) \in Q_{T^{\ast} - t_{1}}$, implies that $$\left. t\rightarrow\widetilde{\psi}\left( t,x_{0} \right)\quad\text{is~analytic~on}\left( t_{1},T^{\ast} \right)\text{,} \right.$$ and hence [(3.30)](#fd000600){ref-type="disp-formula"} follows.*Case* 2: $N = 2,3$.By the same arguments as in Case 1 we find that $\widetilde{\psi} \in C\left( \left\lbrack 0,T^{\ast} \right\rbrack;L^{2}\left( \Omega \right) \right)$, which implies [(3.29)](#fd000595){ref-type="disp-formula"} and $$f \triangleq - \sigma\int_{0}^{t}e^{- \gamma{(t - s)}}\widetilde{\psi}\left( s \right)\, ds - \alpha\widetilde{\psi} \in L^{2}\left( Q_{T^{\ast}} \right)\text{.}$$ We can easily check that $$\widetilde{\psi} = \widetilde{\psi_{1}} + \widetilde{\psi_{2}}\text{,}$$ where $\widetilde{\psi_{1}}$ and $\widetilde{\psi_{2}}$ are the solutions to $$\begin{cases}
{\left( \widetilde{\psi_{1}} \right)_{t} - \Delta\widetilde{\psi_{1}} = 0} & {\text{in} Q_{T^{\ast}}\text{,}} \\
{\widetilde{\psi_{1}}\left( t,x \right) = 0} & {\text{on}\Sigma_{T^{\ast}}\text{,}} \\
{\widetilde{\psi_{1}}\left( 0,x \right) = - \zeta_{0}\left( x \right)} & {\text{in}\Omega} \\
\end{cases}$$ and $$\begin{cases}
{\left( \widetilde{\psi_{2}} \right)_{t} - \Delta\widetilde{\psi_{2}} = f} & {\text{in} Q_{T^{\ast}}\text{,}} \\
{\widetilde{\psi_{2}}\left( t,x \right) = 0} & {\text{on}\Sigma_{T^{\ast}}\text{,}} \\
{\widetilde{\psi_{2}}\left( 0,x \right) = 0} & {\text{in}\Omega\text{,}} \\
\end{cases}$$ respectively. Since $\Delta$ is the infinitesimal generator of an analytic semigroup on $L^{2}\left( \Omega \right)$ with domain $D\left( \Delta \right) = W^{2,2}\left( \Omega \right) \cap W_{0}^{1,2}\left( \Omega \right)$, we obtain by Theorem 4.3 of Chapter 8 and Theorem 6.13 of Chapter 2 in [@br000060] that for $N = 2$, $$\left\| \widetilde{\psi_{1}}\left( t, \cdot \right) \right\|_{W_{0}^{1,3}{(\Omega)}} \leq C\left\| \left( - \Delta \right)^{\frac{5}{6}}\widetilde{\psi_{1}}\left( t, \cdot \right) \right\|_{L^{2}{(\Omega)}} \leq Ct^{- \frac{5}{6}}\left\| - \zeta_{0} \right\|_{L^{2}{(\Omega)}} \leq Ct^{- \frac{5}{6}}\text{,}\quad\forall t > 0\text{,}$$ and for $N = 3$, $$\left\| \widetilde{\psi_{1}}\left( t, \cdot \right) \right\|_{W_{0}^{1,\frac{25}{8}}{(\Omega)}} \leq C\left\| \left( - \Delta \right)^{\frac{179}{200}}\widetilde{\psi_{1}}\left( t, \cdot \right) \right\|_{L^{2}{(\Omega)}} \leq Ct^{- \frac{179}{200}}\left\| - \zeta_{0} \right\|_{L^{2}{(\Omega)}} \leq Ct^{- \frac{179}{200}}\text{,}\quad\forall t > 0\text{.}$$ Here $C$ denotes a generic constant independent of $t$. From [(3.37)](#fd000675){ref-type="disp-formula"}, [(3.38)](#fd000680){ref-type="disp-formula"} and Sobolev's embedding theorem it follows that $$\widetilde{\psi_{1}} \in \begin{cases}
{L^{\frac{10}{9}}\left( 0,T^{\ast};W_{0}^{1,3}\left( \Omega \right) \right) \subset L^{\frac{10}{9}}\left( 0,T^{\ast};C_{0}\left( \Omega \right) \right)\text{,}} & {\text{for} N = 2\text{,}} \\
{L^{\frac{10}{9}}\left( 0,T^{\ast};W_{0}^{1,\frac{25}{8}}\left( \Omega \right) \right) \subset L^{\frac{10}{9}}\left( 0,T^{\ast};C_{0}\left( \Omega \right) \right)\text{,}} & {\text{for} N = 3\text{.}} \\
\end{cases}$$ Moreover, by [(3.34)](#fd000655){ref-type="disp-formula"}, [(3.36)](#fd000670){ref-type="disp-formula"} and Sobolev's embedding theorem, we have $$\widetilde{\psi_{2}} \in L^{2}\left( 0,T^{\ast};W^{2,2}\left( \Omega \right) \cap W_{0}^{1,2}\left( \Omega \right) \right) \subset L^{2}\left( 0,T^{\ast};C_{0}\left( \Omega \right) \right)\text{.}$$ This together with [(3.39) and (3.35)](#fd000685 fd000660){ref-type="disp-formula"} implies that $\widetilde{\psi} \in L^{\frac{10}{9}}\left( 0,T^{\ast};C_{0}\left( \Omega \right) \right)$. Hence [(3.31)](#fd000625){ref-type="disp-formula"} follows. The proof of [(3.30)](#fd000600){ref-type="disp-formula"} can now be completed by the same arguments as in Case 1.*Step* 2: *There exists a measurable set* $\widehat{\Omega} \subset \Omega$ *with* $\left| \widehat{\Omega} \right|_{\mathbb{R}^{N}} = \left| \Omega \right|_{\mathbb{R}^{N}}$, *such that*$$\left. \left| \left\{ t \in \left( 0,T^{\ast} \right):\widetilde{\psi}\left( t,x \right) = 0 \right\} \right|_{\mathbb{R}} > 0\Longrightarrow\widetilde{\psi}\left( 0,x \right) = 0\text{,}\quad\forall x \in \widehat{\Omega}\text{.} \right.$$ Indeed, by [(3.29)](#fd000595){ref-type="disp-formula"}, we have that there exists a measurable set, denoted by $\widehat{\Omega}$, such that $\widehat{\Omega} \subset \Omega,\left| \widehat{\Omega} \right|_{\mathbb{R}^{N}} = \left| \Omega \right|_{\mathbb{R}^{N}}$ and $$\left. \widetilde{\psi}\left( t_{n},x \right)\rightarrow\widetilde{\psi}\left( 0,x \right)\text{,}\quad\forall x \in \widehat{\Omega}\text{.} \right.$$ For each $x \in \widehat{\Omega}$, if $\left| \left\{ t \in \left( 0,T^{\ast} \right):\widetilde{\psi}\left( t,x \right) = 0 \right\} \right|_{\mathbb{R}} > 0$, we obtain by [(3.30)](#fd000600){ref-type="disp-formula"} that $\widetilde{\psi}\left( t,x \right) = 0$ for $t \in \left( 0,T^{\ast} \right)$. Thus $\widetilde{\psi}\left( t_{n},x \right) = 0$. Then by [(3.41)](#fd000700){ref-type="disp-formula"}, we complete the proof of [(3.40)](#fd000695){ref-type="disp-formula"}.*Step* 3: $$\left| \left\{ \left( t,x \right) \in Q_{T^{\ast}}:\widetilde{\psi}\left( t,x \right) = 0 \right\} \right|_{\mathbb{R}^{N + 1}} \leq T^{\ast}\left| \left\{ x \in \Omega:\widetilde{\psi}\left( 0,x \right) = 0 \right\} \right|_{\mathbb{R}^{N}}\text{.}$$ To verify this claim we set $\widetilde{\Omega} = \left\{ x \in \widehat{\Omega}:\widetilde{\psi}\left( 0,x \right) \neq 0 \right\}$. By [(3.40)](#fd000695){ref-type="disp-formula"} we get for $x \in \widetilde{\Omega}$ that $\left| \left\{ t \in \left( 0,T^{\ast} \right):\widetilde{\psi}\left( t,x \right) = 0 \right\} \right|_{\mathbb{R}} = 0$. Hence there exists a set $E_{x} \subset \left( 0,T^{\ast} \right)$ with $\left| E_{x} \right|_{\mathbb{R}} = T^{\ast}$ such that $$\widetilde{\psi}\left( t,x \right) \neq 0\text{,}\quad\forall t \in E_{x}\text{.}$$ By Fubini's Theorem, we have $$\left| \left\{ \left( t,x \right) \in \left( 0,T^{\ast} \right) \times \widehat{\Omega}:\widetilde{\psi}\left( t,x \right) \neq 0 \right\} \right|_{\mathbb{R}^{N + 1}} = \int_{\widehat{\Omega}}\left| S_{x} \right|_{\mathbb{R}}\, dx\text{,}\quad\text{where} S_{x} = \left\{ t \in \left( 0,T^{\ast} \right):\widetilde{\psi}\left( t,x \right) \neq 0 \right\}\text{.}$$ From [(3.43)](#fd000710){ref-type="disp-formula"} it follows that $E_{x} \subset S_{x},\forall x \in \widetilde{\Omega}$. Hence $\left| S_{x} \right|_{\mathbb{R}} = T^{\ast},\forall\; x \in \widetilde{\Omega}$. This combined with [(3.44)](#fd000715){ref-type="disp-formula"} shows that $$\left| \left\{ \left( t,x \right) \in \left( 0,T^{\ast} \right) \times \widehat{\Omega}:\widetilde{\psi}\left( t,x \right) \neq 0 \right\} \right|_{\mathbb{R}^{N + 1}} \geq \int_{\widetilde{\Omega}}\left| S_{x} \right|_{\mathbb{R}}\, dx = T^{\ast}\left| \widetilde{\Omega} \right|_{\mathbb{R}^{N}} = T^{\ast}\left| \left\{ x \in \widehat{\Omega}:\widetilde{\psi}\left( 0,x \right) \neq 0 \right\} \right|_{\mathbb{R}^{N}}\text{.}$$ Hence we have $$\left| \left\{ \left( t,x \right) \in \left( 0,T^{\ast} \right) \times \widehat{\Omega}:\widetilde{\psi}\left( t,x \right) = 0 \right\} \right|_{\mathbb{R}^{N + 1}} = T^{\ast}\left| \widehat{\Omega} \right|_{\mathbb{R}^{N}} - \left| \left\{ \left( t,x \right) \in \left( 0,T^{\ast} \right) \times \widehat{\Omega}:\widetilde{\psi}\left( t,x \right) \neq 0 \right\} \right|_{\mathbb{R}^{N + 1}} \leq T^{\ast}\left| \widehat{\Omega} \right|_{\mathbb{R}^{N}} - T^{\ast}\left| \left\{ x \in \widehat{\Omega}:\widetilde{\psi}\left( 0,x \right) \neq 0 \right\} \right|_{\mathbb{R}^{N}} \leq T^{\ast}\left| \left\{ x \in \widehat{\Omega}:\widetilde{\psi}\left( 0,x \right) = 0 \right\} \right|_{\mathbb{R}^{N}}\text{,}$$ which, together with the fact that $\widehat{\Omega} \subset \Omega$ and $\left| \widehat{\Omega} \right|_{\mathbb{R}^{N}} = \left| \Omega \right|_{\mathbb{R}^{N}}$, implies [(3.42)](#fd000705){ref-type="disp-formula"}.By [(3.42) and (1.5)](#fd000705 fd000050){ref-type="disp-formula"}, we get $\left| \left\{ \left( t,x \right) \in Q_{T^{\ast}}:\widetilde{\psi}\left( t,x \right) = 0 \right\} \right|_{\mathbb{R}^{N + 1}} = 0$, i.e., $\widetilde{\psi}\left( t,x \right) \neq 0$ a.e. in $Q_{T^{\ast}}$. Noticing that $\psi\left( t,x \right) = \widetilde{\psi}\left( T^{\ast} - t,x \right)$ in $Q_{T^{\ast}}$, we infer $\psi\left( t,x \right) \neq 0$ a.e. in $Q_{T^{\ast}}$. This together with [(1.4)](#fd000040){ref-type="disp-formula"} completes the proof of the corollary. □

Remark 3.1For the controlled heat equation $$\begin{cases}
{u_{t} - \Delta u = \chi_{\omega}g} & {\text{in} Q_{T}\text{,}} \\
{u\left( t,x \right) = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{u\left( 0,x \right) = u_{0}\left( x \right)} & {\text{in}\Omega\text{,}} \\
\end{cases}$$ where $\Omega$ is a bounded domain in $\mathbb{R}^{N},N \geq 1$, with a sufficiently smooth boundary $\partial\Omega$, consider the time optimal control problem with the same pointwise control constraint as problem [(P)](#fd000025){ref-type="disp-formula"}. Then the bang--bang property for time optimal controls without assumptions on $\xi_{0}$ as in [Corollary 1.2](#e000010){ref-type="statement"} can be obtained. Indeed, in this case, from the proof of [Theorem 1.1](#e000005){ref-type="statement"}, Pontryagin's maximum principle is obtained in the form: there exist $\psi \in L^{1}\left( 0,T^{\ast};W_{0}^{1,1}\left( \Omega \right) \right)$ and $\xi_{0} \in \left( C_{0}\left( \Omega \right) \right)^{\ast}$ with $\xi_{0} \neq 0$ satisfying $$\begin{cases}
{\psi_{t} + \Delta\psi = 0} & {\text{in} Q_{T^{\ast}}\text{,}} \\
{\psi\left( t,x \right) = 0} & {\text{on}\Sigma_{T^{\ast}}\text{,}} \\
{\psi\left( T^{\ast}, \cdot \right) = - \xi_{0}} & {\text{in}\Omega} \\
\end{cases}$$ and $$\chi_{\omega}\left( x \right)\psi\left( t,x \right) \cdot g^{\ast}\left( t,x \right) = M\left| \chi_{\omega}\left( x \right)\psi\left( t,x \right) \right|\quad\text{a.e.~in} Q_{T^{\ast}}\text{.}$$ By Theorem 4.7.12 in [@br000045], the smoothing effect of the heat equation and the fact that $\xi_{0} \neq 0$, we infer that $$\psi\left( t,x \right) \neq 0\quad\text{a.e.}\left( t,x \right) \in Q_{T^{\ast}}\text{.}$$ This together with [(3.45)](#fd000740){ref-type="disp-formula"} implies that $$\left| g^{\ast}\left( t,x \right) \right| = M\quad\text{a.e.~in}\left( 0,T^{\ast} \right) \times \omega\text{.}$$ This result can be extended to the case where the Laplacian is replaced by $$Lu\left( x \right) = \sum\limits_{i,j = 1}^{N}\left( a_{ij}\left( x \right)u_{x_{i}}\left( x \right) \right)_{x_{j}} + \sum\limits_{i = 1}^{N}b_{i}\left( x \right)u_{x_{i}}\left( x \right) + c\left( x \right)u\left( x \right)\text{,}$$ where $a_{ij}\left( x \right) = a_{ji}\left( x \right)$ and $- L$ is uniformly elliptic. □

 {#s000020}

Lemma A.1*For every* $\rho \in \left( 0,1 \right)$*, there exists a sequence of measurable subsets* $\left\{ E_{\rho}^{n} \right\}_{n \geq 1}$ *in* $Q_{T}$ *such that*$$\left| E_{\rho}^{n} \right|_{\mathbb{R}^{N + 1}} = \rho\left| Q_{T} \right|_{\mathbb{R}^{N + 1}}$$*and*$$\left. \rho^{- 1}\chi\left\lbrack E_{\rho}^{n} \right\rbrack\rightarrow 1\quad\text{weakly~star~in} L^{\infty}\left( Q_{T} \right)\text{as} n\rightarrow\infty\text{,} \right.$$*where* $\chi\left\lbrack E_{\rho}^{n} \right\rbrack$ *is the characteristic function of* $E_{\rho}^{n}$*.*

ProofLet $\left\{ \varphi_{m} \right\}_{m = 1}^{\infty}$ be a dense set in $L^{1}\left( Q_{T} \right)$. For each $n \geq 1$, we set $$f_{n} = \left( 1,\varphi_{1},\ldots,\varphi_{n} \right) \in \left( L^{1}\left( Q_{T} \right) \right)^{n + 1}\text{.}$$ By Lyapunov's convexity theorem, we obtain that there exists a measurable subset $E_{\rho}^{n} \subset Q_{T}$ satisfying $$\int_{E_{\rho}^{n}}f_{n}\, dx\, dt = \rho\int_{Q_{T}}f_{n}\, dx\, dt\text{.}$$ Thus, for every $n \geq 1,E_{\rho}^{n}$ satisfies [(A.1)](#fd000760){ref-type="disp-formula"} and $$\int_{E_{\rho}^{n}}\varphi_{m}\, dx\, dt = \rho\int_{Q_{T}}\varphi_{m}\, dx\, dt\text{,}$$ for every $m \in \left\{ 1,\ldots,n \right\}$. Now, for any fixed $\varphi$ in $L^{1}\left( Q_{T} \right)$, we have $$\left| \int_{Q_{T}}\left( \rho^{- 1}\chi\left\lbrack E_{\rho}^{n} \right\rbrack - 1 \right)\varphi\, dx\, dt \right| \leq \left| \int_{Q_{T}}\left( \rho^{- 1}\chi\left\lbrack E_{\rho}^{n} \right\rbrack - 1 \right)\left( \varphi - \varphi_{m} \right)\, dx\, dt \right| + \left| \int_{Q_{T}}\left( \rho^{- 1}\chi\left\lbrack E_{\rho}^{n} \right\rbrack - 1 \right)\varphi_{m}\, dx\, dt \right| \leq \left( \rho^{- 1} + 1 \right)\left\| \varphi - \varphi_{m} \right\|_{L^{1}{(Q_{T})}} + \left| \int_{Q_{T}}\left( \rho^{- 1}\chi\left\lbrack E_{\rho}^{n} \right\rbrack - 1 \right)\varphi_{m}\, dx\, dt \right|\text{.}$$ Since $\left\{ \varphi_{m} \right\}_{m = 1}^{\infty}$ is dense in $L^{1}\left( Q_{T} \right)$, there exists for arbitrary $\varepsilon > 0$ a positive integer $m_{0}\left( \varepsilon \right)$ such that $$\left\| \varphi - \varphi_{m_{0}{(\varepsilon)}} \right\|_{L^{1}{(Q_{T})}} \leq \left( \rho^{- 1} + 1 \right)^{- 1}\varepsilon\text{.}$$ Moreover, by [(A.3)](#fd000780){ref-type="disp-formula"} we have for every $n \geq m_{0}\left( \varepsilon \right)$$$\int_{Q_{T}}\left( \rho^{- 1}\chi\left\lbrack E_{\rho}^{n} \right\rbrack - 1 \right)\varphi_{m_{0}{(\varepsilon)}}\, dx\, dt = 0\text{,}$$ from which, together with [(A.4) and (A.5)](#fd000785 fd000790){ref-type="disp-formula"}, we obtain $$\left. \int_{Q_{T}}\left( \rho^{- 1}\chi\left\lbrack E_{\rho}^{n} \right\rbrack - 1 \right)\varphi\, dx\, dt\rightarrow 0\quad\text{as} n\rightarrow\infty\text{,} \right.$$ which implies [(A.2)](#fd000765){ref-type="disp-formula"}. □

Lemma A.2*Let* $y_{0}\left( \cdot \right) \in C_{0}\left( \Omega \right)$ *. Then the solution to the equation*$$\begin{cases}
{y_{t} - \Delta y = 0} & {\text{in} Q_{T}\text{,}} \\
{y = 0} & {\text{on}\Sigma_{T}\text{,}} \\
{y\left( 0,x \right) = y_{0}\left( x \right)} & {\text{in}\Omega} \\
\end{cases}$$*satisfies*$$\left\| y\left( t, \cdot \right) \right\|_{L^{\frac{6}{5}}{(\Omega)}} \leq t^{- \frac{N}{12}}\left\| y_{0}\left( \cdot \right) \right\|_{L^{1}{(\Omega)}}\text{,}\quad\forall t \in \left( 0,T \right)\text{.}$$

ProofWe define $$z\left( 0,x \right) = \begin{cases}
{\left| y_{0}\left( x \right) \right|\text{,}} & {x \in \Omega\text{,}} \\
{0\text{,}} & {x \in \mathbb{R}^{N} \smallsetminus \Omega\text{,}} \\
\end{cases}$$ and let $z\left( t,x \right)$ satisfy the heat equation $z_{t} - \Delta z = 0$ for $x \in \mathbb{R}^{N}, t > 0$. Then $$z\left( t,x \right) = \int_{\mathbb{R}^{N}}\left( 4\pi t \right)^{- \frac{N}{2}}e^{- \frac{{|x - y|}^{2}}{4t}}z\left( 0,y \right)\, dy$$ and by comparison argument, we have $$\left| y\left( t,x \right) \right| \leq z\left( t,x \right)\text{,}\quad\forall\left( t,x \right) \in Q_{T}\text{.}$$ After some simple calculations, we obtain $$\left\| z\left( t, \cdot \right) \right\|_{L^{\frac{6}{5}}{(\mathbb{R}^{N})}} \leq \left( 4\pi t \right)^{- \frac{N}{2}}\left\| z\left( 0, \cdot \right) \right\|_{L^{1}{(\mathbb{R}^{N})}}\left\| e^{- \frac{{| \cdot |}^{2}}{4t}} \right\|_{L^{\frac{6}{5}}{(\mathbb{R}^{N})}}$$ and $$\int_{\mathbb{R}^{N}}e^{- \frac{{|x|}^{2}}{4t} \cdot \frac{6}{5}}\, dx = \left( \frac{5t}{3} \right)^{\frac{N}{2}}\int_{\mathbb{R}^{N}}e^{- \frac{{|x|}^{2}}{2}}\, dx = \left( 2\pi \right)^{\frac{N}{2}}\left( \frac{5t}{3} \right)^{\frac{N}{2}}\text{.}$$ From [(A.8) and (A.9)](#fd000830 fd000835){ref-type="disp-formula"} it follows that $$\left\| z\left( t, \cdot \right) \right\|_{L^{\frac{6}{5}}{(\mathbb{R}^{N})}} \leq \left( \frac{10}{3}\pi \right)^{\frac{5}{12}N}\left( 4\pi \right)^{- \frac{N}{2}}t^{- \frac{N}{12}}\left\| z\left( 0, \cdot \right) \right\|_{L^{1}{(\mathbb{R}^{N})}} \leq t^{- \frac{N}{12}}\left\| z\left( 0, \cdot \right) \right\|_{L^{1}{(\mathbb{R}^{N})}}\text{.}$$ Together with [(A.6) and (A.7)](#fd000815 fd000825){ref-type="disp-formula"} this completes the proof. □
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